M3 SOLUTION OF QUESTION PAPER

(CBCGS MAY 19)

Q.P. CODE: 58543

t

Q.1.a) Find Laplace transform of f(t) =t f e~ 2" sin 4u du. (5)
0
Solution : L [sindu ] = *
olution : L [sin4u = 91
~ L [e " sin4u] = 4
(s+2)2+16
~ L [e7?% sin4u] = 4
s2+4s+ 20
'L-jt‘zu'éld-—l *
N _Oe St u__s'52+4s+20
. [ —2U &3 - 4
..L_foe 51n4udu_=S3_|_452_|_20

LT e A —
h Oe sindu du) = ( )ds s34+ 4s2 4 20s

-1 d
= —1><4><(S3 T2 120502 ds (s3 + 4s% + 20s)

4
= [S(SZ T 4s + 20)]2 . (352 + 8s + 20)

4(3s% 4+ 8s + 20)
s2(s? + 4s + 20)?

t
oL !t f e %% sin4u du] =
0

b) Show that the set of functions sinnx,n=1,2,3 ....is orthogonal

on (0,2m). (5)
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Solution : Let f,,(x) = sinnx
& fm(x) = sinmx

Consider,

2T

b
jfn(x)fm(x)dx=j- sinnx.sinmx dx

0

1

2T
= Ef 2sinnx.sinmx dx
0

2T

b
" j fa(X) frn (x)dx = % j [cos(nx — mx) — cos(nx = mx)]dx — (1)

0

Casel:-m+#*n

b
| R fardx =

1[sin(n —m)x sin(n+ m)x &
n—m n+m |

_E B n—m n+m

1([sin(n —m)2n sin(n +m)2n sin0 sin0
{[ n—m n+m ] [ ]}

1
= S {(0-01-[0-0}} =0

Case 2 : Putm =nin (1)

b 21
j [f,,(0)]%dx = %j [cos(nx — nx) — cos(nx + nx)] dx
a 0

1 2T
= Ej [1 — cos2nx] dx
0

1 [ sin anr”
N 2n 1

_ 1 5 sin 4nm 0 sin 0
_2{[” 2n ] [ Zn]}

~ %{[211—0]—[0—0]}:71;&0
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From Case 1 and 2,

The set of functions {sinnx}n = 1,2,3, ...is orthogonal w.r.t.(0,21).

b
f [f,(x)]?dx # 1,the given set of functions are Not Orthogonal.
a

c) Calculate Spearman'’s rank correlation coef ficient R, from the
givendata,
X: 12, 17, 22, 27, 32.

Y: 113, 119, 117, 115, 121.

Solution:
X Y R1 R2 d1=R1-R2 d,’
12 113 5 5 0 0
17 119 4 2 2 4
22 117 3 3 0 0
27 115 2 4 -2 4
32 121 1 1 0 0

Total 8

Here,n =5

x 's rank lation C icient R = 1 6%d,”

~ Spearman’s rank correlation Co — of ficien = n(Z — 1)

_q 6 X8

N 5x(52-1)

=1-04

= 0.6

~ Spearman's rank correlation Co — of ficient = 0.6
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d) Find the constants a,b,c,d, e if

f(t) = ax3 + bxy? + 3x% + cy* + x + i(dx*y — 2y3 + exy + y)
is analytic. (5)
Solution : Let f(z) = u+iv

= (ax3® + bxy? + 3x% + cy? + x) + i(dx*y — 2y3 + exy + y)
Comparing Real and Imaginary parts on both sides, we get
u=ax>+bxy*+3x*+cy’+xandv = dx’y—-2y3+exy+y
Partially dif ferentiating w.r.t." x" we get,

u, =3ax?>+by*+6x+0+1landv, =2dxy—0+ey+0
Partially dif ferentiating w.r.t." y'we get,

uy, =0+ 2bxy +0+2cy+0and v, =dx*+6y* +ex+1
Since f(z)is analytic, by Cauchy Reiman's equations,

Uy =y, and U, = —Vy

s 3ax? + by’ +6x+1=dx?—6y%+ex+1and

2bxy + 2cy = —(2dxy + ey)

Comparing coef ficients of x and y in like terms, we get,

3a=d - (1)
b= -6 - (2)
e=6 — (3)
2b = —-2d
~d= —b

~d=6 - (4)(From2)
s~ From (1) & (4), 3a=6

La=2
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2c = —e

~2c=—-—6 (From?3)

2.a) Find Laplace transform of the periodic function,defined as

ro={5 4L, andft+2) =f@fort>0 6)

Solution: f(t + 2) = f(t)
& Fundamental period (a) = 2

~ By definition of Laplace transform for Periodic function,

LIf®)] = ;_ ae‘“f(t)dt
1—e"% ),

1 [ A1 2
= — —Stedt j 0dt
1—e2 _jo ° Y 1 ]
= - t 1
S 1-—e | —s "(—s)2 .

gt
ol d)-(oe )
<l ()3

1 1
= 1——3_25><S_2[_e S(S+1)+1]

1—e®(s+1)
s2(1 —e~%9)
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b) If v = 3x%y + 6xy — y3, show that v is harmonic and find the

corresponding analytic function f(z)u + iv. (6)
Solution :
% by +6 7V _6
ox YOV oxz Y
W _ 324 ex—3y2, 20—
3y " X x — 3y*, 3y~ y
0%v N 0’v v 6y =
axz " ayz YT

~ vis satisfies Laplace's equation.

Now we use Milne — Thompson Method.

S Uy = 6xy + 6y, ¥,(z,0) =0

v, = 3x2% 4 6x — 3y?, Y. (z,0) = 3z% + 62

s f'(2) = W1(z,0) +i%,(z,0) = (3z2 + 62) + 0

~f(z) = j(3ZZ + 6z)dz = (23 + 3z%) + ¢

¢) Obtain Fourier series of f(x) = x? in (0,2m). Hence, deduce that

™ 1 1 1 1
T T ettt ®)

Solution : Letc = 0and c + 2l = 27
~0+4+2l=2m

~l=1

1 c+21
ag = Tf f(x)dx
c
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1 x3 27T

m|3 0
1 2373
B m| 3

8m?
ao——
nmx
j f(x)cos—dx

1j 5 nwx
=— X< cos——dx

T J, T

1 2sinnx —cosnx — sin nx1%"™
=—[x — 2Xx. + 2. ]

T n n? n3 I,

1T 2sinan 4 cos2nx 2sin2nx 2sin0
- Ly tii2n Smcoszuy_ 2eindny_(_ 2sm0)

T n n n n
J— 1 -O
ol n2

4
an=¥

1 c+21 nix
bn=7j f(x)sianx
C

1 (% nmx
= — x“sin——dx
0

T T
1 — cosnx —sinnx cos nx1%"
_ —[xz TCOSAX o SR Lo ]
T n n? n3 |,
1 , COS 2nx sin2nx 2cos2nm 2cos0
=—[<—47‘[ + 4n + >—<O—O+ )]
T n n2 n3 n3
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1 1 2
= —|—4r? —'+'0'+'—§—'—§
T n n n
—4m
by =—

2 I0%) (o)
5 8m /3 4 nwx 2—471 nmwx

2 n2 s n l
n=1 n=1
- 412 +4 coslx+c052x+cos3x+ ]
XT3 12 22 32

sin 1x N sin 2x " sin 3x
1 2 3

4t

Deduction: Putx = m

o, 4172 coslm cos2m cos3m
T3 [12 T TR +"']_
p sin1n+sin2n+sin3n+ ]
T 2 3
, 4Anr -1 11
R TR B

- —n? 1 1 1
. = —4 [12 22 + 32 ]

.nz 1 1 1 1

3.a) Using convolution theorem, find the inverse Laplace transform

OfF(S) = m
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1 1 1

= X
s?(s+5)2 (s+5)? s?

1 1
Let @,(s) = m ;o a(s) = 52

Solution: F(s) =

1 1
t) = L—1 [ ] — —5tL—1 [_]
A @) (s + 5)? ¢ s?
= et (First Shifting Property)
4[1
=175 =t
By Convolution Theorem,

L 91(5)9(5)] = j £1G0) ot — wydu
0

Lt X i] = jte‘Stu x (t —u)du
(s+5)? s? 0

-5t —5u o~ 5U t
_ ) _(f _ —
= |(ut —u®) —c (t —2u) X (—5)2 + (—2) x (_5)3]0
e—5u —-5u —suyt
= |—(ut —u? = — (t —2u) o2 +2 X 53]
0

e—Su
= { [—25(ut —u®) — 5(t — 2u) + 2]}

53
0
e—5u
o [—25(t? — t?) = 5(t — 2t) + 2] —
—-5u
17¢ [-25(0—0) = 5(t—0) + 2]
e U 1
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- L [e™>* (5t + 2) + 5t — 2]
125

L—l[ 1 ]: 1 [e~>¢(5t + 2) + 5t — 2]
S 125

2

d du
b) Solve i 16E = 0,subject to the conditions,u(0,t) = 0,

u(1,t) =3t,u(x,0) = 0,0 < x < 1,taking h = 0.25 up to 3 seconds
only by using Bender — Schmidt method. (6)

Solution : We are given h = 0.25and a = 16

k=20 k=200252 =05
_2 ) _2 . _— .

Since h = 0.25 and the x is 0 to 1.

We divide x interval into 5 parts.

x =0,0.25,0.50,0.75, 1.

We also divide the time interval by taking k = 0.5 upto 3.
to=0,t; =05,t, = 1,t3 = 1.5,t, = 2, ts = 2.5,t5, = 3.

By data,u(0,t) =0

Hence,x = 0 and for all values of t = 0,0.5,1,1.5,2,2.5, 3.
~u(0,t) =0

By data,u(1,t) = 3t

Hence,we calculate x =1andt =0,0.5,1,1.5,2,2.5, 3.
whenx =1landt=0 u=0 {u(1,0) =3 x0 =0}
whenx =1landt =05 u=15

whenx=1landt=1 u=3

whenx =1andt =15 u=45
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whenx =1landt=2 u=6

whenx =landt =25 u=75

whenx =1landt=3 u=9

By data,u(x,0) =0

Hence, for all x = 0,0.25,0.50,0.75,1and t = 0
s u(x,0)=0

Thus we get the following part of the table.

X 0 0.25 0.50 0.75 1
0 0 0 0 0 0
0.5 0 1.5
1 0 3
1.5 0 4.5
2 0 6
2.5 0 7.5
3 0 9

Now,we use Bender Schmidt formula c =

the table as given below.

+b

and complete

X 0 0.25 0.50 0.75 1
0 0 0 0 0 0
0.5 0 0 0 0 1.5
1 0 0 0 0.75 3
1.5 0 0 0.375 1.5 4.5
A 0 0.1875 0.75 2.4375 6
2.5 0 0.375 1.3125 3.375 7.5
3 0 0.65265 1.875 4.40625 9
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¢) Using Residue theorem, evaluate, (8)

21 do
1
) jo 17 —8cos 0

_ o dz z2+1
Solution : Let z =e'¥ ,df = — ,cosf =
1z 27
dz
.'.I:f lZZ
c 17_8(22+1>
z
j 1 dz
— 2 .__
c 17_8<zz+1> iz
z

_ 1 dz
__[C 17z —4z2 — 4" iz
Z

1
= -.dz
_[C (—4z2+ 17z — 4)i

1
L Sl =172+ 8 %

To find poles such that,
422 —-17z+4 =0

4z2 —16z—z+4=0
4z(z—4)—1(z—4) =0
(z—4)(4z—-1)=0
z—4=0, 4z—1=0
z =4, 4z =1

1
z=4, Z=-.
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Since c is unit circle |z| = 1 and pole z = 4 is outside and z = 1 is inside

we have,

1
Residue at simple pole z = z, = T

Residue of f(z)atz = z, = le_gl (z—2z4)f (2)

iy (= 3) =
= lim(z—-
Z_)4 —1(4z2 - 172+ 4)

_ 1 15 (42— 1) 1

= Zmi 4 )z-DH@Ez-1)
11

= lim

—4i Z_% (z—4)

1 1

T —4i 1
(-4

11

T _4i —15
4

1

15§

By Residue theorem
f f(z)dz = 2mi(sum of Residue)
C

2T

= 27Tl f f(z2)dz=— T

.fzn do _ 2n
"), 17—-8cosf 15
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®  dx
)] wrry

o ©  dx
Solution : Let | =j0 m
B 1f°° dx
2)_(x2+1)2

I = ljmi
2 )_o (2% +1)?
To find poles such that
(z2+1)?%=0
z24+1=0, z*’4+1=0
zZ2—i2=0, z?-i*=0
(z—-1)(z+1i)=0, z-)(z+i)=0
Zz=lL,z=—l,z2=1,z=—1

Residue at pole z, = i of order two (n = 2).

1 n-1

Residue f(z) of z = zy = e 1)izli_>r2) P (z—=2z)™ f(2)
__ d?1 i 1 1
T 2-Ditdzz VYTV )2
_ 1, d Gy 1
T lizdz YTV @202
_1.d o 1
T 220idz YT Y M- DGE+ )]
_ 1. d . 1
= phime G0 i v

1 d 1
= —lim—

2 z-idz(z +0)?
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11_ —2 d (1> n
= — —_— - — | — ] =
2 20 (z+10)3 dx \x") xn+l
1 =2
27 (i +0)8
-1~
o (20)3 0 2343
-1
= : i = —i
8(—1i)
_+1
~8i

By Residue theorem f f(z)dz = 2mi (sum of the residue)
Cc

[ =2 (1)
— M \gi

I_T[
4

4.a) Solve by Crank — Nicholson simlplified formula

Oy U b u(0,0) = 0,u(L, 1) = 0,u(x, 0) = 100(x — %)
axz ot whb=0ulLl)=0ux0) = xX—x°),
with h = 0.25 for one — time step. (6)

Solution : Here we have a = 1 and h = 0.25

To use Crank — Nicholson formula ,we must have
k = ah? =1 x 0.25%2 = 0.0625

The interval of x is 0 to 1.

The subinterval is of size h = 0.25

Xg = 0,x1 - 0.25,x2 == 05, X3 = 0.75,X4 =1
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By datau(0,t) =0

When x =0, for all values of t ,u = 0,whent = 0,1.
By datau(1,t) =0

When x =1,

for all values of t,u = 0,whent = 0,1.

By data ,u(x,0) = 100 (x — x?2)

When x = 0,0.25,0.5,0.75, 1.

when x = 0,u = 100(0 — 0%2) = 0

when x = 0.25,u = 100(0.25 — 0.25%) = 18.75

when x = 0.5,u = 100(0.5 — 0.5%) = 25

when x = 0.75,u = 100(0.75 — 0.75%) = 18.75

whenx =1,u=100(1-1%) =0

X 0 0.25 0.5 0.75 1
0 0 18.75 25 18.75 0
1 0 Uq Uy Us 0

Now by Crank — Nicholson formula we calculate the remaing values.

1
ezz(a+b+c+d)

1
U, ==04+0+254+u,) —-(1)

4

1
u, = Z(ul +18.75+18.75+u3) - (2)

1
Ug = Z(u2+25+0+0) - (3)

By solving these equations we get,
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u, = 9.82,u, = 14.28,u; = 9.82

t X 0.25 0.5 0.75
18.75 25 18.75
9.82 14.28 9.82
b) Evaluat f z dz, C:|z| = 6
) Evaluate  G—D@+1? z, z| = (6)
Solution : Let I f Z d
owution : Le = Z
¢ (z—=2)(z+1)?

To find poles such that,

z-2)z+1)?=0

z = 2 is a simple pole and inside |z| = 3.

z = —1isapoleof order 2 and inside |z| = 3.
1) The Residue at simple pole zy = 2 is

Residue f(z) of z = zy = le_)r? (z=2y))f(2)

Residue f(z) of z=2 = lin%(z —-2)
Z—

Z
(z—2)(z+ 1)?

. Z
= M e

2
-~ (2+1)?
2
Residue f(z) of z=2 = 5

2) The Residue of pole z, = —1 of order 2.

n—-1

1+ (2= 20)"f(2)

Residue f(z)of z = z, = (n — 1)i'zli—>r2, dzn
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= L iim & (z +1)?
R TA P Z-2)(z+ 1)2

o d  z
zirzlldz'z—z

L [E@=2)1-2(1-0)
B le)rzll _ (z —2)? ]

_ Z—2—2Z
= Jim [ =57

-2 2
S (-1=-2)2 9

By Residue theorem

I = 2mi (sum of Residue)

_2_(2 2)
_mg 3

[=0

B 4 d
N jc (z—=2)(z+ 1)? 4

¢) Solve (D?> — 2D + 1)y = et with y(0) = 2,y'(0) = -1

d
D =—.
where - (8)

Solution: (D* = 2D+ 1)y =e™!
~ D?y—2Dy+y=et
Taking Laplace Transform,

L[D*y] — 2L[Dy] + L[y] = L[e™"]

< (577 = 5(0) = y'(O)] — 2[s7 = ¥(O)] + 7 = ——=
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1
sy —s(2)= (1) =2sy+2(Q) +y = ——
sy —s(2)— (1) —2sy+2(2)+y —

1
“(sP-2s+1Dy=——+2s—1—-4
(s s+ 1y S+1+ s

1+2s(s+1)—5(s+1)
s+1

. (S _ 1)2:)—/ —

14252+ 2s—55—5

Y= (s=1)?2(s+1)
/-1 252 —3s—4 D
= -
y G-12(+1)
25> —3s—4 A B C

L

et (5—1)2(S+1)= s—1+(5_1)2+5+1 - (2)

© 252 —3s—4=A(s—1)(+1D+B(s+1)+C(s-1)? - (3)
Puts =1,

#2-3-4=0+B(2)+0

« —5=2B

.B__S
~B=-

Puts = —1in (3)

22(-1)—=3(-1)=4=0+0+C(-2) 2

C_l
= 0=7

Puts =0in(3)

“0-0- 4= AC-D(D) ~ 2 (1) + 7 (-1)?
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.A_7
s A=

~ From (Dand (2),

‘7/4 5/2 1/4

s—1 (s—1)* s+1

=

<
|
5

i
=

1 5 1 1 1
e

s —11 2 (s—=1)21 4 s+1
5 !

1t _ 2 1t 1[5_2

¢ 73

1
] + Ze_lt (First Shifting Method)

El BB N B BN

[7et — 10et.t + e7¢]

1
"y =g [et(7 — 10t) + e '], is the solution of the given Dif ferential

Equation.

5.a) Obtain all possible Taylor's and Laurent series which represent

the function f(z) = —

Z 5,76 indicating the region of

convergence. (6)

Solution : f(Z) — m

Z
& ==e-3

3 . .
SN2 3 T3 (By Partial Fraction)

Taylor's Series:
Givena =1

From (1),f(2) = 3(z—3)™ — 2(z — 2)™*
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fl@) = f(1) =3z =)~ 2~ =

W fl(2)=-3(z-3)"%+2(z-2)"*

SFl@)= ) =313 420 -2 7 =2

S (2 = 6(z —3)"3 — 4(z — 2)"3

fr@) = f (1) = 60 -3) 412 =T

2 f(2) = —18(z — 3)~* + 12(z — 2)~*
~f"(a)=f""(1) = -18(1 — 3)_4 +12(1 — 2)_4 = %

By Taylor's Series,

f(z)=f(a)+(Z—a)f’(a)+(z—a)2f2—(f)+---
2 1 5/4 13/4 87/8
(Z—Z)(Z—B) = §+(Z—1).T+(Z—1)2.T+(Z—1)3.T+“'

. z _1s o 130, 29
Ca-De-3 2z TPyl DA

Laurent's series expansion:

B 3 2
f(Z)_Z—3_Z—2
Putu=z-1
~z=u+1

B 2
&= D=3 D=2
. 3 2 .
D= o= o)

We consider following three cases
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Case 1;For |u| < 1,

Obviously |u| < 2

u
s~ |ul < 1and |§| <1

. ~ 3 2
@ =D Ta-w
=_73(1—§)_1+2(1—u)—1
-3 u u? ,
= 7<1+§+2—2+..)+2(1+u+u + )
1 u u? N

= —3<§+2—2+?+--->+2(1+u+u +)

_ _ 2
. E (2221) (2231) +---]+2[1+(z—1)+(z—1)2+--]

Region of Convergence:

Above series is convergent Y r=2
for |g| <land|u|l <1

l.e.|lul <2and|ul <1

e |ul <1

i.e.|z— 1| < 1,which is the interior of the
interior of the circle with centre (1,0) and radius 1.
Case2:For1<|u| <2

s 1<|uland |u|l <2

1 u
‘a‘ < 1land |E| <1

3 3 2
2("5_1) u(I=14)
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-3 uy~1 2 1
= —(1-=) —-=(1-=

2( 2) u( u)
iy T 2(1+1+1+ )
2 2 22 u u  u?
—31+u+2+ 2(+1+1+)
B 2 22 23 u u?  ud
= 31+(Z_1)+(Z_1)2+ 2[ t -t +]
B 2 22 23 (z—=1) (z-1)2 (z—-1)3
Region of Convergence: Y

y

Above series is convergent

A
for|%|<1&|%|<1 %/”?
i.e.1<|u|land|u|] <2 X \% (1
l.e.l<|u|l<?2

i.e.1<|z—1| < 2.whichis v

v

the annular region between the concentric circles with centre (1,0)
and radii 1 & 2.

Case 3:For |u| > 2,

Obviously, |lu] > 1

~1<|uland 2 < |ul

1 2
: H < 1and H <1
u u

2

3
u(1 — 2/u) B u(1 - 1/u)

3 AN 1\t
=50 -20-D
u u u u

~From (1), f(2) =
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3 2 22 1
== (1+=+5+- ——(1+—+—2+ )
u u u u u
=3 1+2+22+ 2(1+1+1+ )
B u u? usd u?  us

1 2 22
3[(z—1)+(z—1)2+(z—1)3+'"]

2 [ R S ]
z-1) (z-12 (z-1)3 ~
Region of Convergence: Y ‘//
Above series is convergent //
for |%|<1and |§|<1 X A/ /—\ -
s
s 1< |uland 2 < |ul o\-/(l,O
» /

- 2 < ful and [ul > 2 — P

i.e.|z—1| > 2,which is the exterior region of the circle with centre

(1,0) and radius 2.

(0.0]

b) Evaluate j te' cos? tdt (6)
0
. : 1+ cos2t
Solution : Consider, L[cos®t] = L [T]

= %{L[l] + L[cos 2t]}

_1{1_}_ S }
— 2ls  s?2+s2
1((s? +4) + s?
2 s(s?2+4)

1>< 252+ 4
2 s(s?2+4)
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s 42
s3 +4s

o L[tcos?t] = (—1)1i SZ—+2 (Multiplication by 't")
ds |(s3 + 4s)

(0e]
f e‘s’:tcosztdtz—[
0

(s3+4s).2s — (s* +2).(3s2 + 4)

(s3 + 4s5)2

Puts = —1,

(0e]
j e‘s’:tcosztdtz—[
0

*® 11
. j e Sttcos?tdt = —
0

(—1-4).(-2)-(1+2).(3+4)
(—1— 4)2 ]

25

|

¢) Obtain half range Fourier cosine series of

f(x) = x(m—x),0 < x < m.Using Parseval's identity, deduce that

1 1 1 1

that— — = —+ =+ =3+ ——= + - 8
TR M L TR T ®)
Solution : f(x) = x(m — x) = mx — x?
For half range cosine series,b,, = 0
2 l
ap = —f f(x)dx
Lo
2 Y
= —| (mx—x?)dx
0
2] x2 x3°
]
! 0
_2[f m* m® 0 - 0)
“a\"2 73
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2 (! nmx
a, = Tf f(x)cosde
0

= j (x — x?) cosﬂdx

2 ) sin nx —Ccosnx —sinnx1™
= ;[(nx—x ) - (Tl'—ZX).T‘I‘ (0—2)—]

0

cosnx sin nx cos 0 sin 0
+2 ]}

:%{[O+(n—2n). — + 2. 3 ]—[04'(”—0)- 2

.n3

Gk 1
O—-mr.——+0-—-0- n——O
n2 n2

2 —
= Sx (D" +1]

-2
©ap = (=D + 1]

~ Half range Fourier cosine series is,

ao = Nmwx
flx) = > + a, cos—

p—\

_nz [2c052x+0+2cos4x+ +2cos6x+ ]
6 22 42 62

B 2 ) 2 [c052x+cos4x+cos6x+ ]

6 221 12 22 32
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% cos2x cos4dx cosbx

.'.x(n—x)=?— 7 Tzt

+ ] > (1)

Deduction 1: Put x = 0 in (1)

.O_nz cosO+cosO+cosO+ ]
" 6 12 22 32
0 7T2_ [1+1+1+ ]

6 12 ' 22 ' 32
11 1 ol
6 12 22 32  Lun?

s
Deduction 2: Put x = = in (1)

2
n( n)_nz [cosn+c052n+cos3n+ ]
2\"72)%% 12 22 32
T 7'[2_ —1+1_|_1+ ]
2 2 6 12 22 32

2 1 1 1 oo (=D

Tty L

Deduction 3: Using Parseval's Identity,

: f [FooTdx = (%) 4 %;(a% +b2)

¢ % f:(nx —x%)?%dx = (%)2 + %i {;—22 [(—D)™ + 1]} +0

n=1

1t s Tt 11 16 16 16
Efo (m°x* — 2mx +x)dx=%+§[0+?+0+ﬂ0+a+---]
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1 [m?%x 2nx4+n5n_n4 1x16[1+1+1+]
7| 3 4 5], 36 27 2%[1% 2% T3+
(= 7T5+7T5 0—0+0)|= 4+ N

7I\'3 2 5 B 1n4

1 7 7t 1w 1

' _21_1+1+1+
"90_1n4_14 24 34

6.a) Find the image of the circle |z| = 2 under the

transformationw = z + 3 + 2i. Draw the sketch. (6)

Solution: Transformation:w = z + 3 + 2i.

sw—-3-2i=z - (1)

Now , given, |z| = 2,which is a circle with centre (0,0)and radius = 2
in z — plane.

s lw=3-=-2i| =2 (From1)

W lut+iv—3-2i| =2 (weputw =u+iv)

~u—=3)+i(v—2)|2,

which is a circle with centre (3,2)and radius = 2 in W — plane.

Y
o [o
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A

(3,0) > U
Z-Plane 0 W-Plane

b) Arectangular metal plate with insulated surface of width l and
so long as compared to its breadth that it can be considered infinite
in length without introducing an appreciable error.1f the

temperature along one short edgey = 0 is given by
X
u(x,0) = u, sin (T) for 0 < x < land other long edges x = 0 and

x = land the short edges are kept at zero degrees temperature,
find the function u(x,y)describing the steady state, assuming that
in the steady state the heat distribution function u(x,y)satisfies

’u 9*u

the Laplace equation 2 +— 372 = 0. (6)

Solution :
We assume that in the steady state the heat distribution function

u(x, y)satisfies the Laplace equation

0’u  0%u
) + 32 =0 -(1)

Its solution is of the form

u = (¢, cosmx + ¢, sinmx)(cze™ +c,e™™) - (2)
The given conditions are

Du—->0asy — o forall x;

2)u=0ifx=0forally;
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Nu=0ifx=1forally;
X
Hu= uosinTify=0forO<x<a.

Using these initial conditions
1)u - 0asy — o.Hence,we should have c; = 0.
~ u = (c; cosmx + ¢, sinmx)c,e™™ - (3)

2) u = 0 when x = 0. Hence, from (3),we get,

my my

0=ccue” ~cp =0 su= cusinmxe”
l.e.u= cgsinmxe™ — (4)

3) u = 0 when x = a.Hence, from (4),we get 0 = cs sinml e™™Y

nm
sma=nmw ~m= — n=123,.. - (5)
nmx -
“ U=cCg Sin—.e S (6)

[

Hence, the general solution is

nmx —nmy /l

u= b,, sinT. e wheren =1,2,3,... - (7)

X

4) But,u = ugsin (T) ify=0.
X nmx
Hence, from (7)we get, u,sin (T) = z b,, sinT.

Hence, for n =1, b, sin (nTx) = U, Sin (nTx) ~ by =uy, and

Putting these values of b,,we get, from (7)the solution of (1)as
= uysin ()™
u—uosm(l)e L.
¢) Production (in metric kiloton )of when in a country is given by

the following data,
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Year (X) 2005 | 2007 | 2009 | 2011 | 2013 | 2015 2017

Production(y) | 8 12 15 19 21 22 25

Fit a straight line to the data and estimate the production in the

year 2010. (8)
Solution :
X y P x — 2011 Y=y X2 XY
2
2005 8 -3 8 9 -24
2007 12 -2 12 4 -24
2009 15 -1 15 1 -15
2011 19 0 19 0 0
2013 21 1 21 1 21
2015 22 2 22 4 44
2017 25 3 25 9 75
TOTAL 0 122 28 77

Here,n=7
Let the equation of straight linebyY =a+ bX - (1)

Subject to,

ZY:an+bZX

~122=7a+0

~a=17.4286

And,ZXY —a ZX+bZX2

~ 77 =0+ 28b
~b =275
~ From (1), the equation of straight line is

Y =17.4286 + 2.75 X
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Re — substitute X and Y.

X — 2011)

y = 17.4286 + 2.75 ( >

s~y =17.4286 4+ 1.375 (x — 2011)

When x = 2010

y =17.4286 + 1.375(2010 — 2011) = 16.0536

Hence,

Equation of straight line fit is

y =17.4286 + 1.375(x — 2011) and Production in the year 2010 in

16.0536 metric kiloton.
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