APPLIED MATHS - 3 SOLUTIONS OF QUESTION PAPER
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1. a) Find Laplace transform of f (t) = f(fu e 3"sinudu (5)

Sol. We have L (sinu) = o—

~ L(usinu) = (-1) ;—5 [Szi 12]

N (s2+1%)(0)—(25)
__1[ (s2+12)2 ]

=-1 [(525—2152))2]
(2s) ]

— L(s2+12)2

2(s+3) ]
((s+3)2+12)2

2 (s+3) ]
s L((s+3)2+12)2

~L[u e3*sinuéu =

.'.L[f;u e 3% sin u du ]=

b) Show that the set of functions {cos nx, n=1,2,3 ...} is orthogonal on (0,
2n). (5)

Sol. We have f,(x) = cos nx.
o P @) - fu(x) dx = [T cosmix - cosnx dx

= % fozn [cos(m + n)x - cos(in — n)x | dx

2T

_ 1 [sin(m+n)x n sin (m—n)x]

2 m+n m-—-n

0

~ Now , two cases arise .

Case 1: When m #n, then foznfm(x) frp(x)dx=0




Case 2 : When m = n, then fozn fu(x) - fy(x) dx = fozn cos? nx dx

. (2w 2 _ 2m (1+cos2nx _1 sin2nx]?™ _
R dx = [T (P dx= 5 x4+ T Tenso
, =0, ifm#n

since , 7" fC0) - fue) ax{Z 5 ST

the given set of functions is orthogonal on [ O, 21t ].

c) Does there exist an analytic function whose real partis u = k (1+ cos©) ?

Give justification
Sol. Since , u=k (1+ cos 8)

~u=k+kcos@,

ou )
a—r—Oand£—-ksm0.

But by Cauchy’s Riemann equations in polar co-ordinates .

au_ 10v andau_ rav
ar 1o 90 or

aw_

ov 1 .
5 O,a—r——;(-ksmﬁ)

Integrating the first equation partially w.r.t. 9,

v =f(r) where f(r) is an arbitrary function.
v
(If v=1£(r) then 0% 0)
v . _ksin6
fet=f(r) ==

~v=ksinflogr+c

Hence, the analytic function is

f(z) =u+iv=k (1+ cos ©) +ik sinf logr+c

(5)

= Yes, this type of analytic function whose real part is u = k (1+ cos ©) exist.

d) The equations of lines of regression are x + 6y =6 and 3x + 2y = 10.

Find (i) means of x and y, (ii) coefficient of correlation between xand y .

(5)




Sol. Givendata : x+6y=6....... (1)

(i) Adding equation (1) and (2) , we get

x=3andy=0.5
(i) x+6y=6
1
SIopel—-g
Slope 1 = byx
1
- = byx
3x+2y=10
3
Slope2—-5
1
SlopeZ—E
bxy=-E

%) in2
2. a) Evaluate fo e‘t&tt dt . (6)

Sol. Step 1 : Comparing with standard formula fooo e SLf(t) dt.

sin?t

ns=1 & f(t)=

sin? t]

Step 2 : L[f(t)] = L[ t

L [sin?t] =L [1_C052t]

2

L[1 — cos2t]

1 S
L[; B 52+22]

1
2
1
2




By Division of t,

(-

1 ro0o |1 1
AN
1 _1 2 N
> [logs - log(s* + 2 )L
11
> [5 log(s? + 22) — logs]
Step 3 : Substitutes=1
1|1
1
= Zlog 5-0
1
= ZlogS

sin®t

dt—ll 5
_Zog

o
0

b) Find the image of the triangle bounded by linesx =0,y =0, x+y=1

in the z - plane under the transformation w = e/az,

Sol.

Step 1: Draw region in z— plane
x=0,y=0,x+y=1 |

Step2: w= ein/4z

= e'a (x+iy)
u+iv= e™/a (x+iy)

:cos§+isin§ (x + iy)
u+iv= (1+i)(x+iy)

(6)

x=0,y=1, (0,1)
x=1,y=0, (1.0)




ut+iv=x+iy+ix—y

SU=X—y;v=x+Yy

Step3: u=x-y

x=0; u= —-y,v=y
x=1; u=1-y,v=1+y
y=0; U=x,v=2Xx
y=1; u=x—-1v=x+1

Now, using these points plot the graph on x and y axis to get the image of
the triangle bounded by lines.

2
c) Obtain Fourier series of f(x) = x2 in (0,2r) . Hence , deduce that % = 1—12 —

e e e (8)
Sol. Letx? =ag+ Yo a, cos nx+Y., b, sinnx in (0,2m)

Then, a, = ifoznf(x)dx

1 2T 2
= — x“dx
Zﬂfo

2m

1 [x3]
2t L3 19

a, = %foznf(x) cosnx dx
1

2m
== [“" x%cosnx dx
’0

(By the generalised rule of integration by parts)

. ; 21
. = 1 2 (Snnx o (_cosnx) o (_sinnx
n T n n? n3 0




b, = % foz" £ (x) sinnx dx

2T

- 2o (-55) 2 (-22) o2 ()

= -5 -

Putting these values in (1),

X2 = 43i+ 43> n—lzcos nx —4m Y4 %Sinnx
2o 4_712 4 coSX N coOS2x N cos3x ]
3 12 22 32
sinx sin2x sin3x
S L S

Now putx=m,

2
2 AT 1 1 1 1
ST =—+4[——+———+—— '''''
3 12 22 32 42
n? gl B, 1 _ 1
BERE TR

—_ - ——— 4.

. 1 1,1 1
) 12 22 32 42

Now , the given function , y = x? is parabola with vertex at the origin and
opening upwards . Further when x =0,y = 0 and when x = 2n, y = 47?2,

3. a) Find the inverse Laplace transform of f(s)= m (6)

Sol. Step1:
Let £(5)= f1(s) - f2(s)
A 5= fa) 5

s2422 7




Step 2:
LMfi(s)] = 55 =cos2t = fi(t)

_ 1 in 2t
L2[f()] = o5 == f2(®)
Step 3:

fi(u) = cos2u

fo(t—u) =%sin2(t—u)
Step 4:

t

5 A folt—w) du
1 pt .

=§fo cos 2u - sin(2t — 2u) du
1 t .

‘Efo 2 cos2u - sin(2t — 2u) du
1 0t . .

=Zf0 sin 2t — sin(4u — 2t) du

cos(4u—2t)] t
4 0

_ % [(t sin 2t + cosiZt)) _ (0 4 cos(4—2t))]

=i [sinZt-u+

_ tsin2t
4

L [(sz;)z ] - tSiZ =

2
b) Solve 37'2‘— 100 ‘;—': =0, withu(0,t) =0, u(1,t) =0, u(x0) = x (1—
x) taking h=0.1 for three time steps up to t = 1.5 by Bender — Schmidt
method. (6)

0%u ou
Sol. ﬁ— 100 E_ 0

u(0,t) =0

u(1,t) =0




u(x,0) =x(1-x)

h=0.1&t=1.5
2 2
k=ﬂ _ 100(0.1) - 05
2 2
X —
t 0 0.1 0.2 03 |04 |05 |06 |0.7 |08 0.9
l
0 0 |0.09 |0.16 0.21 | 0.24 | 0.25 | 0.24 | 0.21 | 0.16 0.09
0.5 0 | 0.08 |0.15 0.2 |0.23 (0.24 |0.23 | 0.2 |0.15 0.08
1 0 | 0.075 | 0.14 0.19 | 0.22 | 0.23 | 0.22 | 0.19 | 0.14 0.075
1.5 0 | 0.07 |0.1325 | 0.18 | 0.21 | 0.22 | 0.21 | 0.18 | 0.1325 | 0.07

¢) Using Residue theorem , evaluate

0 ;" sheoss

Sol. Now , putz = e®
~dz=ie? de
~dz=1z2d0

2 do =2

iz

e¥+e 0  z1+(1/2) z%2+1
T2 2z

And cosO =

(8)




' fz’f do f 1 dz
. _— = 2 .._
o O —4cosf 5 _4 (z + 1) iz

¢ 2z
. j‘Z” do B f 27 dz
' o 5 —4cosb B ) 2(—2z2+5z—-2) iz
_ j 1 dz
B (2z2+5z—-2) i
C

Now the poles are given by 2z%> + 5z —2 =0
~2z-1)(z-2)=0

1
.-.z=5andz=2.

The pole z = 5 lies inside the unit circle and z = 2 lies outside it .

=D

Now , Residue of f(z) (at z= 1/2) = lim (z - %)

! i2[z-(1/2)](z~2)

. (-1)
=]
ot v2(32)

'jzn do _, _(1>_Zn
"), S—4cos6 " \31)7 3

. 2
Real part of residue = ?”

(i) [, gz

Sol. 1) Region lies in upper half of circle .
2) Replace x by z

3)Poles: (x*+1)2=0




(z24+1)2=0

(22 —i?)2 =0

[(z+)(z-0]?=0
(z+0)?*=0;(z—-0)*=0

z=—1,—1 ; z=1,l

n-1

. . d
4) Residue f(z) = (n_ll), lim = f(z — 20)* (2~ 2o)
P Z—>Z

(z+0)2(z—10)2

— lim & -\ =2
= lim — (z+1)

z-1
= —2(z+1i)3
_ -2
T (z+0)3
_ -2
T (z+0)3
_ -2
T (i+0)3
_ -2
@03
—
T —s8i
J-oo dx _ 3
- (x2+41)2  8i°
. . .pe ?u  ou
4. a) Solve by Crank — Nicholson simplified formula 2 0.

u(0,t) =0, u(5,t) =100, u(x,0) = 20 taking h = 1 for one time step. (6)




9%u  ou

Sol. 37 9 0.
u(0,t) =0
u(5,t) = 100
u(x,0) = 20

=~ Taking h = 1 for one time step,

~a=1&h=1
k=ah®=1.
x |0 1 2 3 4 5
t
0 0 20 20 20 20 100
1 0 9.80 2.19 30.72 59.92 100

b) Obtain the Taylor’s and Laurent’s series which represent the function

f(z)= % in the regions (6)
i)|z| <1
ii)1<|z| <3
z—1 a b
Sol-let f(#) = s == mitis

vwz—1=a(z—-3)+b(z+1)

Puttingz = -1, -2=-4a ~a= %
Puttingz=3, 2=b4 ~b :%
e SR V2
" z2-2z-3  z+1 z-3

Hence, f (z) is not analyticat z = —1 and z = 3.




o f(z)isanalyticini) |z| < 1ii)1<|z| <3

. 12 1/2  1/2 1/2 . 1
(I)f(Z) - Z+1+Z—3 B 1+z+(—3) 1—(%)

- A -i(-3

2
l—z4+22-23+ ...]—1[1+5+Z—+ ]
6 3 9

N | =

=1 274224 .
3 9 27
This is the required Taylor’s Series.

(ii) When 1 < |z < 3, we get |-| < 1and 2| < 1.

1 1 1 1
T@=5ets
1 1 1 1 1
=_._+_._.
1 z
2z 14(3) = 1-(3)
-1 -1
IR
2z z 6 3
=i-[1—1+12—13+...]—1[1+5+5+...]
2z z z z 6 3 9
2
=1-[1—iz+i3—...]—1[1+5+z—+...]
2 Lz z V4 6 3 9

This is the required Laurent’s Series.

c) Solve (D? + 4D + 8)y = 1 with y(0) = 0 and y'(0) = 1,

where D = % (8)
Sol. Let y be the Laplace Transform of yi.e. let L(y) = ¥.
Taking Laplace transform of the both sides,
L(y”) +4L(y’) + 8L(y) = L(1)
Now L(y’) =sy -y(0) = sy

Ly”) = 5%y — sy(0) = y'(0) = s*y — 1and L(1)= ¢




. The equation (1) becomes

s?—1+4sy+87y = =

N

y(s*+4s+8) = 1+1= s+l
S S
_ s+1
Y= s(s? + 4s + 8)
s+1

:L—l— :L—l
y @) s(s? +4s + 8)

We obtain the L ~1 by the partial fractions

41 1 1 s 1 1
‘. y = L 1|Z.2_=. .
8 s 8 s2+4s+8 2 s2+4s5+8

-1 l _l -1 (s+2)-2 l -1 1
L () 8 L (s+2)2+422 2 L (s+2)2+22

-2t -1__S 6 —2tj-1__S
+-e“"'L
(s)2+22 8 (s)2+22

1 1 3
Ly = 578 e %tcos2t + 3 e %t sin2t.

5. a) Find an analytic function f(z) = u + iv, if
u= e *{(x* — y?) cosy + 2xy siny}
Sol. f(z)=u+iv
u= e *{(x? — y?) cosy + 2xy siny}
1) u = e *(x®> —y?)cosy + e ™ 2xy siny

(6)

u, = cosy [e™*(2x) + (x? —y?)e™™] +siny (e *(2y) + 2xy e™¥)
uy, = e [(x* — y?)(=siny) — cosy(=2y)] + e™ [2xy cosy —

siny 2x].
2) f'(2) = uy — Uy

= [2xe *cosy + e *cosy(x? — y?) + 2ye ¥ siny +
2xye™ siny]| — i[—e *(x? — y?®)siny + 2y cosy +

2xye ™™ cosy — 2xe *siny]




x=zy=0
3) f'(2) = (Zze‘z +e77z%)
—Z z%e™? 2ze % 2e77

F& =25~ ol o - ot o

= —4ze % —3e % —z%¢7 %

b) Find the Laplace Transform of (6)

£ = {f) Y St andf(t+2) = f(t)fort> 0.

Sol. f(t)is periodic & t=2

1 2
LIf®] = mj e St f(t)dt
0

1 1 2
= —‘ZSU e‘“tdt+j e‘St(O)dt]
1—e 0 1

1 1
= — | e Sttdt
1- e‘ZSJO

c) Obtain half range Fourier cosine series of f(x) =x,0 < x < 2. Using (8)
Parseval’s identity , deduce that -
1 1 1

96 1 Tz TE T

Sol. Letof f(x) =ag + X -1 @, COS (n—;m)




Here, l = 2.

1 12 1[x2]
a0=7.[0f(x)dx=§j;xdx=§[?]0=1

= % folf(x)cos (n—;tx) dx = %fozx cos (n—?x) dx
nmx nmwx 2
[x sm( > ) + COS(T) . 1]

nr n2n?
2 22 0
Y ay = [2 (0) n cos(nnx) _0— nzlﬂ2 ] _ [(—iz)nz—l]
22 22 22
2
= {_4 22 if nis odd
0

if nis even

8711 mx 1 3mx
x—l—; ﬁcos7+3—20057+

BY Parseval’s identity,

1 (! 1
7 jo [f(x)]?dx = E[ZULO2 + a2 +a2+-]

2
“L.H.S= fozxzdx%[g] o

T2 [ w4 {14 514 }]

8 1 1 1
§_Zzn4{14 34 54 }
t 1 1 1

96 1F 3E T EE T

Hence proved,




4z%+7+4

6.a)If f(a) = |
Find i) f(4)

i) f(=1)

i) £ (=)

Sol. . 4x?+9y? = 36.

Z—a

f(a) = fc 4Zi:+4 dz =2miP(z,)
i) zp=4

0(z) =4z°+z+4

B(z0) = O(4) =4(4)> +4+4 =72

F(4) = 2mip(4) = 2mi X 72 = 144mi

i) 0'(z) =8z+1
'(-1)=8(-1)+1=-7
F'(=1) = 2mi@' (1) = 2mi(=7) = —14ni

i) 0"(2) =8
£ 97 =8
f'() =2mi@" (i) = 2mi(8) = 16mi

dz where C is the ellipse 4x* + 9y? = 36.

(6)




b) Use least square regression to fit a straight line to the following data, (6)

X 5 10 15 20 25 30 35 40 45 50

Y 17 24 31 33 37 37 40 40 42 41

Sol.
X Y Xy x?
5 17 85 25

10 24 240 100
15 31 465 225
20 33 660 400
25 37 925 625
30 37 1110 | 900
35 40 1400 | 1225
40 40 1600 | 1600
45 42 1890 | 2025
50 41 2050 | 2500
275 342 10425 | 9625

Zy=na+b Zx
Yay=a Yty o

Substituting the values,

342=10a +275b
10425=275a+9625b
~a=206&b=0.495
General equation for the straight line,

y=a+bx=20.6+0.495 x

6 .c) A string is stretched and fastened to two points distance [ apart. Motion

is started by displacing the string in the form y = asin (”—lx) from which it is




. . . C 9* 92
released at time t = 0. If the vibration of a string is given by 6_15;’ =22

show that the displacement of a point at a distance x from one end at time t
Ttct

is given by y(, ;) = asin (?) cos (T) . (8)

) ) . 0%y 2 0%y
Sol. The vibration of a string is given by 2= ¢ o (1)

Since the vibration of a string is periodic the solutions of (1) is of the form
y = (c;cos mx + c,sinmx )(cscos met + ¢, sinmct) ..., (2)
Given initial boundary condition are :

(i) When x=0,y =0 forall ti.e. one end A of the string remains fixed
throughout the motion : We get , from (2)

0= (c; + 0)(c3cos mct + c, sinmct) ~ =0
~ y = cysinmx (c3cos met + ¢4 sin mct)

(ii)  Now, % = 0 when t = 0i.e. when initially the string is steady

(initially velocity is zero)
From (3) % = ¢,sin mx (c;(—mc)sin mct + c,(mc) cos mct)
Puttingt=0,a—y =0,
at
~ 0 = cysinmx (c, mc)
“ Cocamec =0,
If c, = 0 then (3) will give a trivial solution y=0
Thus from (3), we get
y = C,C3Sin mx cos mct

= cSin mx cos mct (where cyc3=C5)  woovvvevene (4)

(iii)  Nowy=0when x=1[forall ti.e. the other end of the string is fixed
and the length of the string is [,

=~ From (4), we get,

~ 0= cgsin mx cos mct ceerrerereeenenennene( D)




