MUMBAI UNIVERSITY

SEMESTER 2

APPLIED MATHEMATICS SOLVED PAPER — MAY 2017

N.B:- (1) Question no. 1 is compulsory.
(2) Attempt any 3 questions from remaining five questions.

2

Q.1.(a) Evaluate fooo3_4x dx
. _ (% _42

Ans: Let I-fo2 37 dx
put 37 = et

taking log on both sides,

4x*log3 =t

t
x% = => X =
4log3 2,/log 3

diff. w.r.t x,
+1/2

= 1 /lea3 lim—[ 0, oo |

dx
o= f°°e__t t-1/2
0 4./log3

- _ 1 © —t 4—1/2
Ay J, et.t71/% dt

1= VT 0
w4 A —— { ], e

(b) Solve (2y* — 4x + 5)dx = (y — 2y? — 4xy)dy

Ans : (2y%? —4x + 5)dx = (y — 2y? — 4xy)dy
Compare with Mdx + Ndy =0
~ M= (2y?-4x+5) ~N=-(y—2y%—4xy)
oM aN
— =4y Pt '

ay

3]




. OM _oN
) ay_ax

The given diff. eqn is exact .

The solution of exact diff. eqn is given by,
a —
[ Mdx + f[N—ade]dy— c
[Mdx = [((2y* — 4x +5))dx = 2xy* — 2x* + 5x

a

2

] 2
[IN -3 Mdx]dy = [[4xy -y +2y* — 4xy ldy =3y* -

v 2xy? —2x% + 5x + %y:” — y;=c
(c) Solve the ODE (D — 1)?(D? + 1)?y =0 [3]
Ans : (D -1)?(D?+1)2y =0

For complementary solution,

f(D)=0
(D-1)*D*+1)2=0
& (D-1)2%2=0 s~ (D*+1)2=0
D—-—1=0 fortwotimes (D*+1) =0 fortwo times
~ D-1=0 ~ D?=-1

Rootsare: D =1,1,+i,+i,-i,-i

~ Y. = (€1 +xc3)e* + [(c3 + xcy)cos x + (c5+xcg)sin x]




(d) Evaluate fol f: ex dy dx [3]

2
Ans: let I = folf: eﬁdydx

1 e¥ xz
= fo[T]Od'x

1 (e*-1)
= Jp—Tdx

X

= 1x.e"dx— 1x.dx
fo 0

— x_ g1l | ¥
= [x.e e]o [2]0

1
= e-et+1- 2
1
oo I - E
1x%-1
(e) Evaluate [ Tog x dx [4]
1x%-1
Ans: et 1= J, ogx I

Taking ‘a’ as parameter,

@)= fy s dx e (1)

differentiate w.r.t a,

di(a) _ d (1x%-1 d

da daJo log x

. di(@) _ 19 x%-1

" “aa = Jo 3a 108 dx ... {D.U.LS f(x)}

. dl(a) _ 1x®logx ax* g4

- ‘fo og dX e {—-= x"loga}

di@ _ (1 _g
== J, x* dx




. dI(a)_[ xt1 ]1
" da a+1 " (
Ldi@ _ 1
" da " a+1 0
Ldi@ _ 1
" da " a+1
now , integrate w.r.t a,
@)= [— da
a+1
I(a)=log (a+1)+c = -=-m---- (2)

where c is constant of integration
put a=0in eqn (1),
0)=f, 0dx=0
And
Fromegn (2), 1(0)=c

~c=0

~ 1=log(a+1)

(f) Find the length of cycloid from one cusp to the next , where

x=a( 8+sin 08), y=a(l-cos 0 ).

Ans: Given curve : Cycloid x=a(8+sin0), y=a(1l-cos 0)

A

\\/Za

«—3—>

[4]




The length of given curve is :

0 dx d
s= [y &2+ @2 a0

dx _ Y _ 4
da—a(1+cos 0) de—asm@

. (%)2 + (%)2 = a*[1+ 2cos 0 + cos?0 + sin’0 |
= 2a?[1+ cos 0]

= 4 a?*[ cos? 9/2]

(2 1 (B2 = 0
"\/(de) +(55)? = 2acos Y/,
~s = [ 2acos 9/2d0

= 2x [ 2acos 9/, de

= 4a [25sin 9/,1

&S = 8a
Q.2.(a) Solve (D? — 3D + 2)y=2¢e*sin(3) [6]
Ans : (D* - 3D + 2)y=2¢"sin(3)

For complementary function,
f(D)=0
» (D*-3D+2)=0

Rootsare:D=2,1 Real roots.

Yo = c1€5 + c e*




For particular integral ,

1
Y = ;X
_ 1 Xcin(®
"~ (D?-3D+2) 2e Sm(z)

1
(D+1)2-3(D+1)+2

— X

sin(’z—c)

2e*

. X
D2 D) sin(3)

1
1
-(3)-»
= —8e* —— sin(®)
4D+1 2

4D-1
16D2-1

= 2e*

sin(g)

= —8e* sin(g)

Yp = gex(—sin (g) — 2cos(§))

The general solution of given diff. eqn is given by,

8 .
Ye=Yc+ Y, =c1e" +ce** + - e*(—sin (g) — Zcos(g))

2
o —(x2+%
(b) Using D.U.L.S prove that fo e W dy = ge‘za,a >0 [6]
o —(x2+%)
Ans: Let I(a)= fo e 2 AX e (1)

Taking ‘@’ as parameter diff. w.r.t. a,

2
di(@) _ d ;o —(x2+%)
——=—"e 2’ dx
da dafO

Apply D.U.L.S rule,

2
0 —(v242
dl(a) _f a e (x +x2)dx

da 70 aa




Limits [ oo, 0]

a2 —(¢2 ﬁ
U@ _ [0+ gap = 2 [ (T = —21(a)

da 0
di(@) _

= 21(a)
@ _ —2da

(@)
Integrating both sides,

log [I(a)]=-2a +log c

I(a) = c.e”2¢

put a=0 in above eqn and eqn (1)

~l(d)=c= fooo e X dx = \/777 ........... { Using gamma function }

2 a) = T e2a

| . 1 /2-x% xdxdy
(c) Change the order of integration and evaluate [, [ NF [8]
. _ 1 (V2-x% xdydx
Ans : Let 1=/ J Ty
Region of integration is : X <y<sv2-—x?

0<x<1
Curves: (i) y=x line

(ii)) x=0, x=1 lines parallel to the y axis .




(ii) y=v2 —x2 = x%+y?=2
Circle with centre (0,0) and radius V2.

Intersection of circle and y = x line is (1,1) in 1°* quadrant.

y
A
_7(;2-|-y2 =2 A y=X

-

v X

|
x=1
Divide the region into two parts as shown in fig.
After changing the order of integration :
For one region : 0<x=<y
0<y<1
For another region : 0<x<.,2-y?
1<y<+2
. _ 1y xdxdy V2 ~J2-y2 xdx dy
e bt T
1 V2 )
= LW dy + [PV E Y

fVZy -y dy+ [VZ - 1dy

(VZ-1)51g+ 2y - %12




1
| = V2-1
CoVz
1 1-x (1—x-y
Q.3(a) Evaluate fO fO fO mdxdydz [6]
. _ 1 1-x 1-x-y 1
Ans: Letl = ["["" [ p—tc dxdydz

_ 1 ,1-x ;1-x-y 1
= fO fO fO dedydx

_ 1 1-x 1 1—-x—-y
- fO fO [ —2(x+y+z+1)~2 ] 0 dy dx
1-x 1 1 1
- f f 2 (x+y+1 x—y+1)2  (x+y+1)2 |dy dx
__11.1 1 1—x
- 02 [4y (x+y+1)1 ] 0 dx

= ol a-n g+ [G e

_ 1p1/a-0%) _x
B 2[4( 8 ) 2+log(x+1)]0

]
N =

5
[log 2 —]

(b) Find the mass of the lemniscate 1* = a?cos 20 if the density at any
point is Proportional to the square of the distance from the pole. [6]
Ans: Givencurve: r? = a?cos 260 islemniscate.

The density at any point is proportional to the square of dist. From the pole.
Distance from the pole = r
~» Density « r?

~ Density = k.r?




The mass of the lemniscate is given by,

0 r .
M= fefl frf density r dr d6

<
1]

2

r2 = a’cos 20

VV><

cos20

M=4x [3[" k.r?.rdrdo

— 4k X f‘* a\/cosz do

= kx [+a*.cos*26.d6

We can solve this definite integral by beta function.

Put20 =t => 2do =dt

Limits [ 0, -]
» M= ka‘*ﬂcosztﬂ
0 "2
ka* 1 13
= 5-x38(33)

ka*n
8

3
Y 4+ 3x 4’y + + —4logx

(c) Solve x? 13 2

Ans : 2dy+3x—+ +——4logx

[8]




The given diff. eqn is Cauchy’s homogeneous eqn .
Multiply the given eqgn by x,

3 %y

X
dx3

d? d
+3xzd—é’+xd—i’+y=4xlogx

Put x=e* logx=z

Diff. w.r.t x,
x? ZZTZ =D(D - 1)y
x3 % =D(D—-1)(D—-2)y where D =%

[D(D-1)(D-2)+3D(D-1)+D+1]y=4z. e*
[ D3 + 1 Jy=4z. €*
For complementary solution,
f(D)=0
~[D*+1]1=0

i\/§1
2

. V3
) L
2 2

Roots are: D = -1,% +

Roots of the eqn are real and complex.

“ Y. =cre ?+e??(c, cos % + ¢3sin %)
For particular integral ,
Yp = % X= (0311) 4z.¢e”
= 4e* m Z
—_ z 1

Z
D343D2+3D+2




LYy, = e“(2z-3)

The general solution of given diff. eqn is,

Yg=Yct+¥p= c,e ?+e**(c, cos % + c3sin %) +e?(2z—-3)

Resubstitute z,

\/§log V3lo gx

LYy = +\/_(c2 cos + c3sin ) + x(2log x — 3)

Q.4(a) Prove that for an astroid x%/3 + y?/3 = a?/3,the line @ = /6
Divide the arc in the first quadrant in a ratio 1:3. [6]
Ans: Given curve : astroid x%/3 + y?/3 = q?/3

The line 8 = 1t /6 cuts the asroid in 1 st quadrant.

/6

\ 4

d X

™

x2/3 + y?/3 = q2/3

C is the point on the curve which cuts the arc.
Length of astroid in first quadrant:
Put x= acos3t and y=asin3t

dx=-3asin t.cos’tdt dy=3acos t.sin’tdt

S = f \/( =2 + dy f”/z\/( 3asin t.cos?t)? + (3acos t.sin?t)? dt




= fon/z 3a.sin t.cost dt
3 /2 .
sa [, " sin2tdt

/2

3
= Za[— cos 2t | 0

Now the length of the curve ac : Just put % insted of g because the curve is

Only upto given line.

~ S(ac) = f0”/6 3a sint .cost dt = %a [— cos 2t ]ﬂ(/)6

= Za[-;+1]

S(ac)

- 3 3 9
Legnth of remaining part=-a —-a = -a

Divide eqn (3) and (2).
The line g cuts the given astroid in the ratio of 1:3

Hence proved.

(b) Solve (D* —7D — 6)y = (1 + x*)e** [6]
Ans :

(D? —7D — 6)y = (1 + x*)e?**
For complementary solution,

f(D) =0




~(D*-7D-6)=0

Roots are : D=Z+‘/L_3, 7 V73
2 2 2 2

Roots of the given diff. egn are irrational roots.

7x
Y, = ez (clcoshC + c3Ssi ?)

For particular integral,

1
Y» T X

1
= m[er + erxZ]

- 1 2x 1 er

e _r 2
(D2-7D-6) (D2-7D-6)

X

2x
e 2x 1 2
= ——+ e X
16 T (D+2)2-7(D+2)-6

2x

e 2x 1 2
= -—+t+ e*——x

16 D2-3D-16

_ e 2xp 1 1 2
- -E-l_ e [__16(1+3D_D2) ]x

16

e A 1 2
- -E+ e x[__16( 3D—D2) ]x
1+_TZ_

= —Sie(+ 2 e

3D-D?

=—‘;—26”{1+[13"1 + Ry 142 )

2x
= —61—6{1+[x —Sx+=+—1}

8 16x8

8 128
2x 2x
e e 3 25
= — ——|x*—=x+—
Yp 16 16[ 8 128]




The general solution of given diff. eqn is given by,

(c) Apply Rungee Kutta method of fourth order to find an approximate

Value of y when x=0.4 given that dy _yx ,Yy=1whenx =0
dx y+x
Taking h=0.2. [8]
. dy _ y=x — — _
Ans : (I) dx_y+x X0 —O,yo— 1,h—02
fxy) ==

y+x

kl = h.f(xO,yo) = 0. Zf(O, 1) =0.2

ky = h.f (xo +3,50 +5) = 0.2.£(0.1,1.1) = 0.1666

ks = h.f (xo +3,¥0 + %) = 0.2.£(0.1,1.0833) = 0.1661

ky=h.f(xo +h yo +ks) = 0.2£(0.2,1.1661) = 0.1414

ki1+2ky+2k3+k 0.2+2(0.1666)+2(0.1661)+0.1414
k — 1 26 3 4 — ( ) 6( ) — O 1678

~ y(0.2)=y, +k=1+0.1678 = 1.1678
() x,=0.27y,=11678h=0.2
ks = h.f(x1,y1) = 0.2f(0.2,1.1678) = 0.1415

ke =h.f (x1+3,y1+=) = 0.2.£(0.3,1.23855) = 0.1220

k, = h.f(x1 +3,91 +%) =0.2.£(0.3,1.2285) = 0.1214

kg = h.f(x; + by, + k) = 0.2£(0.4,1.2892) = 0.1052

_ ks+2kg+2ks+kg _ 0.1415+2(0.1220)+2(0.1215)+0.1052
o 6 o 6

k = 0.1222




X=0.2 taking h=0.1 correct upto 4 decimal places.

Ans :

y(0.4) =y, +k*=1.1678 + 0.1222 = 1.290

Q.5(a) Use Taylor series method to find a solution of % =xy+1,y(0)=0

[6]

(1)) % =xy+1 ,x3=0,y0=0, h=0.1
fxy) =1+xy
y =1+xy Yo=1
y'=xy' +y Yo =0
ylll — xyll + zyl y:)// —

Taylor’s series is given by,

!/ hz 144 h3 r
¥(0.1)= yo + h.yo + 5, y0 + 5, Y0 +

3
= 0+0.1(1)+0+%(2)

v(0.1) =0.1003
() x; =0.1,y, = 0.1003,h=0.1
y =1+xy yo = 1.01003
y' =xy' +y yo = 0.201303
y'=xy" + 2y yy' = 2.0401903

2 3
. y(0.2) = o.1003+1.o1003(o.1)+% (0.201303) + % (2.0401903)

~y(0.2) = 0.202708

. e dzy 1
(b) Solve by variation of parameters (@ + 1) Y= Trans [6]




d
Ans : put E_D

(D% + 1)y = —

1+sinx

For complementary solution,
f(D)=0
~(D*+1)=0
Rootsare:D =i, —i
Roots of given diff. eqn are complex.

The complementary solution of given diff. eqn is given by,

"~ Y. =C€1€0S X + C3Sin x

For particular solution,

By method of variation of parameters,

-y, X
Yp = Y1P1 t Y2P2 where p; = [—= dx
X
P2 = fle dx
Y1 Y2
Y1 Y2

cosx Ssinx .
= ; | = cos’x + sin*x =1
—SsSinx Ccosx
—-y2 X sinx 1 sinx (1-sinx
Y2 dx=f— 1 dx=—f : ( : )
w 1 1+sinx 1+sin x (1-sin x)

p1=J
= -[(sec x.tan x — tan*x)dx

= -[sec x-tan x + x]

cos x 1

X
P2 = fledx=f

Yp = —[secx—tanx + x|cosx + log (1 + sin x)sin x

dx =log (1 + sin x)

1 1+sinx

The general solution of given diff. eqn is given by,




Yg = YctYp = €1€08x + cpsinx — [secx — tanx + X[cosx +
log (1 + sinx)sinx

(c) Compute the value of fﬂl_';(sin x — In x + e*)dx using (i) Trapezoidal
Rule (ii) Simpson’s (1/3)rd rule (iii) Simpson’s (3/8)th rule by dividing
Into six subintervals. [8]

Ans: let |I= fol_':(sin x—Inx+e*)dx

Dividing limits in six subintervals .

_b-a _14-02 _
=—="—"=

s~ h=6 <~h

1
5

x0=0.2 .X'1=0.4' x2=0.6 X3=0.8 .X'4_=1.0 x5=1.2 x6=1.4
¥0=3.02 | y1=279 | y,=2.89 | y3=3.16 | y,=3.55 | y: =4.06 | y,=4.4

[ X + 2R] (1)

(i) Trapezoidalrule: I=

NS

X = sum of extreme ordinates = 7.42

R = sum of remaining ordinates = 16.45

1=——(7.42+2(16.45)) s (from 1)
1 =4.032
(i)  Simpson’s (1/3)" rule:
1=2[X+2E+40] e 2)

X = sum of extreme ordinates = yy+ye = 4.4+ 3.02 = 7.42
E = sum of even base ordinates = y, +y, = 6.44

O = sumof odd base ordinates = y; +y3 +ys = 10.01

|=$(7.42+2x6.44+4x10.01) ............... (from 2)




1= 4.022 |

(iii)  Simpson’s (3/8) " rule :
1=2[X+2T+3R] e (3)

X = sum of extreme ordinates = yy+ys = 4.4+ 3.02 = 7.42
T = sum of multiple of three base ordinates = y; = 3.16

R = sumof remaining ordinates = y; + y,+y, +ys = 13.49

3

f1=22[7.42+2x3.16 +3 X 13.49]

~1 = 4.02075

Q.6(a). Using beta functions evaluate f:/G c0s°30.sin*60d0 [6]

Ans: let 1= f:/(’ co0s®36.sin*60d0
Put 30 =t
Diff. w.r.t 0,

do =% limits : [0,~]

3 2

v 1= 2[™2cosSt.sin?2tdt
3o

2 .
= gf:/ cos3t (sin t.cos t)2dt

— ifﬂ'/z

cos’t.sin*t. dt
3Jo

4 1 3
= FX3X ﬁ(B'E) - fon/z cos™t.sin"t.dt = % XxB(m+1,n+1)}

32
315




(b) Evaluate fff log(x + y?)dxdy by changing to polar

Coordinates. [6]

Ans: let f‘rf log(x + y*)dxdy

Region of integration : y<x<.,a?-y?
OSyS%
The line x=y is inclined at 45° to the +ve x-axis.
. a .
Curves: (i) x=y,y=0, V=75 lines
(ii) x = a2 —y?

X2 +y? = a?

circle with centre (0,0) and radius a.

Cartesian coordinates —— Polar coordinates
(x,y) — (r,0)
Put x=rcos® and y=rsin0
f(x,y) =log(x* + y*) = log r* = 2log r = f(1,0)

Limits changes to : 0<r<a




S

<0<

1N

s 1= [3["2logr.rdrdo

L 2 2
= 2 [ log r.r——%]

do
2

© Q

Zf(;{[log a.a?z—a;] do

[tog a5 = 5] x5

1
X

-0 v=0 7= Xy YL zZ_
x-O,y—O,z—Oanda+b+C—1

Ans: Let V= [ [ [x?dxdydz

And=+2+2=1
a b c
Put x=au, y=bv, z=cw

» dxdydz = abc du.dv

Region of integration is volume bounded by the planes x=0,y=0,z=0

y u+v+w=1

(c) Evaluate [ [ [ x?yzdxdydz over the volume bounded by planes

[8]




The intersection of tetrahedron with all axes is : (1,0,0),(0,1,0),(0,0,1).
O0<w<(1-u-v
0<v<(1-w
0<uc<i

The volume required is given by,
V = f01 fol_u fol_u_v abc a’>u?bv. cw. dudvdw

= %a?’bzc2 fol fol_u u?v (1 - u—v)?dvdu

1 1 01—
= 3 a’b’c* [ [, “u2v[(1 —u)? — 2(1 — wv + v?]dudv

R O N A T TN IR 1)
= 2abcfou[(l w?>-20-w5+ ] 0 du
a3b?c? 1 u?(1-u)*du

2 Jo 12

a3b?c?

= L2 B(3,5)

a3b?c? 214
24 7!

a3b?c?
2520




