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Q1)a) If u:log(§]+log(yj,find X
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Q1)b) Find the value of tanh(logx) if X =+/3 .

Ans : Let

z = tanh(log J§)
~.tanh ™z =log+/3

1, (1+z) 1
- =log| == | ==log3
2 g(l—zj 29

- log (H—Zj =log~/3
1-z

By componendo and dividendo

2341
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+
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1)c) Evaluate lim — .
Q1je) Evaluate HB{X—S Iog(x—Z)}

Ans: Iim{ 1 1 }[oo—oo]:limIog(x_z)_(x_3)9
x>8 (x—=3)log(x-2) 0

X—3

x—3 log(x—2)

(3M)




1y
X—2

—X+3 0

=lim
x—3

log(x—2) +

(x=3) IX'IE

(x-2)

—lim L _
N x—3 (X—2)

(x=2)

+log(x—-2)+1

o

(x—2)log(x—2)+ (x—3)| 0

1

Q1)d) If u=r?cos26,v=r?sin20, find

o(x,y) _o(x.y) ou,v)
o(r,0) o(u,v) o(r,0)

Ans: We have

o(u,v) _|2rcos20 —2r®sin20

And = .
o(r,0) |2rsin26 2r®cos26

o(u,v)
o(r,0

(3M)
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Q1l)e) Express the matrix A =

Hermitian matrix.

Ans: We have

—2i
0
1+2i
2-3i
2
=3i
4
SAFAY = 2-2i
4-3i
6i
A-A’=|-2-2i
4+3i

4
2 +5i
—i
2i
0
1-2i
2+ 2i
0
3+3i
2-2i
0
1+7i

243
2
3i

A'=

LA = (A =

Let P :%(A+ A).Q :%(A—Ae) .

1+2i

3i
as the sum of a Hermitian and a Skew-
—i
(am)

4
2-5i
i

443i
3_

3i
0

—4+3i
-1+7i
=2i




But, we know that P is Hermitian and Q is Skew-Hermitianand A=P + Q.

2 14i (4+30)/2 3 =i (-4+3i)/2
SA=P+Q=| 1-i 0 (3-3)/2|+| -1-i 0 (-147i)/2
(4-30)/2 (3+3)/2 0 @+30)/2 Q+70)/2  -i
Q1)f) Expand tan* x in powers of (X—%j . (am)

Ans: Let

f(x)=tan'x,a=

NG

Sf(x)=tanx, f'(X) = Z’f()_(1+x)

t[E)cant(E) o) et 2T
D -

f(x) =f(a)+ (x— a)f(a)+( 2 2)° f(@)+..

stanTt x= tanl(zj+(x—zj.w—(zj(x—zj er




Q2)a) Expand sin’ @ in a series of sines of multiples of
X=Ccos@+isind

.-.lzcose—isine
X

X+—=2c0sd

X —

X | X |

=2ising

X" =cosn@ +isinnd
1 ..

— =cosn@—isinnd
Xn

1
S X" +—=2cosnd
X

X" —in:Zisin né
X

Now, by Binomial Theorem

7
(2isin¢9)7:(x—1j :x7—7x6.£+21x5.i2—35x“.i4—21x2.i5+7x.i6—i7
X X X X X X° X
.'.(2isin6?)7:x7—7x5+21x3—35x+§—231 ls—%
x x2 X x

X
~.(2isin@)" = 2isin76—7.(2isin50) + 21.(2isin 39) —35.(2isin &)

. =2%sin” @ =sin76 — 7sin50 + 21sin 30 —35sin @

- (2ising)" = (x7 —%j—?[xS —isj+21(x3 —%)—35(x—1j
X X X

s.sin”@= ¥(sin 76 —7sin50 + 21sin 30 —35sin )

(6M)

Q2)b) If y =sin®xcos® X , then find Y,

Ans: We have
y =sin® xcos® x
.y =sin® Xcos® X.COS X = %(Sin 2X)? cos X
= %(1— C0S4X)COS X = %(cos X —C0S 4X COS X)

.. Y ==C0SX——(C0S5X +Cc0oS3x
y 8 16( )

(6M)




nx
By using the result 'y, =a" cos(ax + 7)

ynzlcos x+ % —i.S”cos 5x + % —i.3“cos 3x+ %
2 ) 16 2 ) 16 2

Q2)c) Find the stationary values of X° +y* —3axy,a>0. (8Mm)
Ans: We have f(X,y)=x>+y>—3axy.
Step 1:
2 2
f,=3x"-3ay, f, =3y" —3ax
r=f,=6xs=f, =-3at="f =6y
Step 2: We now solve,
f,=0,f, =0
s xP—ay=0,y*—ax=0
X2
To eliminate y, we put Yy = — in the second equation .
a
~xt—a’x=0,
S x(x*-a%)=0
Hence, x=0 or x=a
When x=0,y=0 and when x=a, y=a.
Hence, (0,0) and (a,a) are stationary points.

Step 3: (i) Forx=0,y=0, r = f,, =0,s=f =-3a,t=1f =0.

Hence, rt—s>=0-9a<0 .

Hence, f(x,y) is neither maximum nor minimum. It is a saddle point.

(ii) For x=a,y=a,

r=f,=6as=f =-3at="f =6a

s.rt—s?=36a’-9a’ =27a’ >0 Hence, f(x,y) is stationary at x=a, y=a .

r=f =6a>0,-a>0
And x

Hence f(x,y) is minimum at x=a, y=a.




Putting x=a, y=a in X’ + y3 —3axy , the minimum value of

f(x,y)=a’+a’-3a’=-a°

Q3)a) Compute the real root of X |Oglxo—1.2 =0 correct to three places of decimals using Newton-
Raphson method. (6M)

Ans: We first note that f(x) = xlog;,—1.2 .

- f(@) =1log},~1.2=-1.2, f (2) = 2l0g? —1.2 =—0.5979
f(3)=3log},—1.2=0.2313

Since f(x) changes its sign from negative to positive as x goes from 2 to 3, there is a root
between 2 and 3.

Now, f'(X)= X.%-F log, = (log;”) ™" +log}, = 0.4343 + log},
x log

e

Hence, by Newton-Raphson formula,

X0 =X, —M,n =0,12,3,.....
P (%)

_Xlog;,—1.2
" 0.4343+log},

3log},—1.2

—— ———=274615
0.4343+log;,

Forxo=3, X =3—

(2.74615).log(2.74615)-1.2
0.4343+ log 2.74615

For x; = 2.74615, X, =2.74615— 2.7406 .

For x,=2.7406, X, =2.7406 Hence x = 2.7406 .

Q3)b) Show that the system of equations
2X—2Y+Z2=AX,2X—3y+2Z=1Yy,—X+2Y = AZ can possess a non-trivial solution only if

A =1,1 =-3. Obtain the general solution in each case. (6M)

2—-1 -2 1) x 0
Ans: We have 2 3-14 2 |y|=|0
-1 2 -1z 0

The system has non-trivial solution if the rank of A is less than the number of unknowns.

The rank of A will be less than three if |A|=0.




2—-1 -2 1
Now, | 2 -3-1 2(=0
-1 2 A

L(2-D)AP+34-4)+2(-224+2)+1(4-3-2)=0
L R=DA+DA-D)-4(A-1)-(1-1) =0
A (A-D[2A+8-A2—42—4-1]=0
S (A=1)(=A2-21+3)=0
L (A-D(A-1(A1+3) =0
A=1LA1=-3
(i) If A=1, we have,

1 -2 1] X 0
2 -4 21yl=|0
-1 2 -1}z 0

By R2>R2-2R1 , R3>Rs+R;

1 -2 1]/x 0
0O 0 O|ly|=|0
0 0 0}z 0

.._X_2y+Z:O, Puttlng z=t;,y=t> .

~The solutionis X=2t,—t,y=t,,z=t,

Q3)c) If tan(a +if) =cos@ +isin @, prove that a:%z+% and ﬁz%logtan(%JrgJ .

(8m)
Ans: We have

tan(a +1f3) =cos@+isin @

stan(a—if)=cos@—isiné

. tan2a =tanf(a +ip) +(a—ip)]

_ tan(a+ip)+tan(a—ip) 2c0sd
1-tan(a +ipB).tan(a —iB) 1—(cos’ @ +sin’H)




stan2g = 2¢c0s6

xiazz
2

s
200 =Nr+—

nt &
L=t
2 4
tan(2i3) = tan[(a +i8) - (a —ip)]
_ tan(a+ip)-tan(a—ip) _ 2ising
C1t+tan(a+if).tan(a—if)  1+1
sitan(h2p)=isiné
~.tan(h2p) =siné@

] 1 1+sin@
2B =tanh*(sin@d)==1lo
p ( ) 2 g(1—sin 0)

=isin@

But
2
1+sin¢9=£sin2g+coszQJ+25ingcosQ:(cosg+singj
2 2 2 2 2 2
2
1—sin9:(sin25+c052Q —25ichosQ: cosg—sing
2 2 2 2 2
0\ . (0T o) .
1 CcO0S E +SIn E CcOS E +SIin
28 ==1 =1
P=5108 — 0% 9 oy
cos| — |—sin| — cos| — |—sin
2 2 2
0
1+t —
1 |t an(zj 1 x 0
.-.,B:EIog —_—<

7 =—log tan
1—tan( j
2

11
Q4)a) Using the encoding matrix as [0 J , encode and decode the message MOVE . (6M)

Ans: Step 1: To replace letters by numbers
M 0] Vv E
13 15 22 5

We write this in a sequence of 2 X 2 matrix




13| 22
15| 5 |
Step 2 : To encode the message

11
We now premultiply each of the above column-vectors by encoding matrix (O :J .

) 1 113 22 B 13+15 22+5 B 28 27
"lo 1)|]15 5| |0+15 0+5| |15 5|
The above message is transmitted in the following linear form taking numbers column-wise. The
message is transmitted in the linear form as
28 15 27 5

Step 3: To decode the message :

The above received message is now written in a sequence of 2 X 1 column matrix as
28 27
Ls 5 } '
The above matrix is then premultiplied by the inverse of the coding matrix i.e., by
|1 -1} 28 27 28-15 27-5 13 22
{0 1 }{15 5 }{ 0+15 0+5}=Ls 5}
Step 4 : To replace numbers by letters
The columns of this matrix are written in linear form as
14 15 23 27 19 20 21 4 25 27
Now it is transformed into letters using corresponding alphabets
14 15 23 27 19 20 21 4 25 27

N 0] w * S T u D Y *

This is the required message.




ou

Ny oyer 2 ou
Qa)b)If u=f(e*”’,e’*,e"™) then provethat — +—+—=
ox oy oz

Ans: Let X ="V )Y =¢e"*,Z=¢e"" .Then u=f(X,Y,2)
JQu_ou X oudv vz
Tox oX ox aY'ax az'ax

8u 8u o* pr
— YD)+ —(0) (-1
ox
8“ a_u X=y _ a_U ez—x
Tox oX oz

ﬁu 8u OoX 0ou 6Y ou oZ

_l_
oy oX oy aYay azay

M _ M oy e“(l) —(0)

oy X

u__a —e —a—uey’Z

oy oX oY

u_ou X ou oY oudz

0z OX &z oY oz 0L oz

ou ou ou ou
= 0)+—e""(-)+—e"(

= (0) P (-1 e ()]

a_u au y—z_a_uez—x

T oY 0Z

ou

(6M)

Q4)c) If y =acos(log x) +bsin(log x) , then show that x’y__, +(2n+1)xy_, +(n*+1)y =0
(8m)
Ans: We have
y =acos(log x) +bsin(log x)
-y, =-asin(log x).% +bcos(log x).%
. Xy, = —asin(log x) +bcos(log x)

Differentiating again w.r.t x,
1 . 1
- Xy, +y, =—acos(log x).— —bsin(log x).—
X X

XY, XY, +y=0 .

Applying Leibnitz’s theorem to each term, we get




(n-1) ()Y, + [y +n@)Y,1+Y, =0

X2 yn+2 + n(2X) yn+l +
XY L, +(2n+D)xy, , + (NP =n+n+l)y =0
X2 yn+2 + (2n +1)Xyn+1 + (n2 +1) yn - 0

Q5)a)If1, a,’,a°,a” are the roots of x> —1=0, find them and show that
(6M)

(1-a)(1-a®)(1-°)(1-a* )=5.

Ans: We have
x> =1=cos0+isin0

x> = cos(2kz +isin(2k )
: 2k

. X = (cos 2k +isin 2k )5 = cos?+sm =

Putting k=0, 1, 2, 3, 4, we get the five roots as
87
X —COS——HSIH?

X, =C0s0+isin0
Xy —cos—+|sm
5

X, —cos—+|sm 5

2r
X, =C0S==+isin==

5 5
we see that X, =a’, X, =a’, X, =a’

T .
Putting X, =COS— +1SIN—
5 5

Therefore, the roots are 1,05,052,05 ,a and hence
X —1=(xX=-D(x-a)(x—a?)(x—a®)(x—a*)

XL i a)x—a)x=a)(x—a)

X1
(x—a)(x—a?)(x=a)(x—a®) =x*+x} + x> + x+1

Putting x =1, we get
l-a)1l-a)1-a*)1-a*)=5




_r2

Qs)b) If O=t"e* ,

Find n which will make %=%3(r2%j . (6M)
ot recor or
Ans:
L PR
00 _pih—lg 4t (g4t | (171
ot 4 |2
2
:E.tn.£+tn_£ r_2
t " t" | 4t
2 2
:EQ+r_20: E+r_2 2]
Ut g o4t
-r®
e dt 0
"
Also,
-r?
or 4t 2t
2 al' _rSH
r —=
00 2t
— 3 " —
L Ofpe00) 019 =—1.£(r39):—1 299 32
or or or\ 2t 2t or 2t or

4 2
SN g || T3 g
2t| 2t atc 2t

2
%g(rzﬁ)z r_z_i 0
r° or or atc 2t

Now equating we get

n -3

t 2t

Sn=—
2




Q5)c) Find the root (correct to three places of decimals) of x° —4X+9=0 lying between 2 and 3
by using Regula-Falsi method . (8M)

Ans: Let y=f(X)=x"—4x-9 . Here, x1=2 and x, = 3.

sy, = f(x)=1(2)=2°-4(2)-9=8-8-9=-9<0
y,=f(x,)=f(3)=3-4(3)-9=27-12-9=6>0

Since f(x) changes its sign from negative to positive as x goes from 2 to 3, there is a root between 2
and 3.

The root is given by

XY, = XY _ 2(6) -3(=9) = 39 =26.
Yo=Y 6-(-9) 15

Now, Y, = f (%)= f(2.6)=(2.6)°—4(2.6)—9=-1.82>0

S Xy =

Since f(x) changes its sign from negative to positive as x goes from 2.6 to 3, there is a root between
2.6and3.

First Iteration : Let

x =26,X,=3Yy,=-1.82,y,=6
oy YN 2.6(6)-3(-1.82) _, coq
Y= % 6-(-1.82)

y, = f(x)=(2.693)° —4(2.693)—-9=—-0.242>0

Since f(x) changes its sign from negative to positive as x goes from 2.693 to 3, there is a root
between 2.693 to 3.

Second lteration : Let

X, =2.693,x,=3,y, =-0.262,y, =6

XY, = %Y, 2.693(6)—-3(-0.262)
V,-Y,  6-(-0.262)

y, = f(x,) = (2.706)° - 4(2.706) -9 = -0.009 > 0

=2.7058 =2.706

c

Since f(x) changes its sign from negative to positive as x goes from 2.706 to 3, there is a root
between 2.706to 3 .

Third Iteration : Let




X =

X, =3,X,=2.706,y, =6,y, =-0.009
XY, = %Y, 3(0.03)-2.706(6)
Y, =Y, —0.009-6

=2.706

Hence, the root correct to three places of decimals = 2.706 .

Q6)a) Find non-singular matrices P and Q such that A=

form. Also find its rank.

Ans: We first write A=13A 1,4

1 2 3 2 1 00/ (12 000
2 35 1|=|0 1 0|A|l0 1 00O
1 3 45| (001 |0 001

By R, >R,-2R,R, >R, —-R,
1 2 3 2 1 00|l [1 00
0 -1 -1 -3|=|-2 1 0|A|j0 1 0
0 1 1 3 -1 0 1/ /0 0 O
By

1 0 0 0] [1 0 0] 1 -2
» -1 -1 -3(=|-2 1 0|A|l0 1
0 1 1 3| |-101] |0 O
1 0 0 0] [1 0] [1 -2
P -1 -1 -3|=|-2 0|A|0 1
0 0 0 0] |-3 1] [0 ©
1 0 0 0 1 0 0] [1 -2 1
» -1 0 0|=|-2 1 0|A|0 1 -1
0 0 0 0] |-3 10/ |O 1
1 0 0 0 1 0 0] [1 -2 1
» 1 0 0|=|2 -1 0|A|l0 1 -1
0 000 [-3 1 0] |0 1

= N e
w w N

A~ O W

2
1 | is reduced to normal
5

(6M)




A % pa
“lo ol PAQ

Hence, therank of Ais 2.

Q6)b) Find the principle value of (1+i)"" .

Ans: Let
z=(+i)", . . logz=(1-i)log(1+i)
~logz=(@1-1) [Iog V1+1+i tan’ll}

A1 7| 1 iz i V4
=(1-i)|=log2+i.— |==log2+——-—=log2+—
( ){2 g 4} 2 g 4 2 g 4
1 ) .(n 1 .
=|=log2+~= |+i| ——=10g2 |= X +I
(o025 Jr(§ -0z -wew
sz=e" =e*e¥ =e*(cosy+isiny)

Log24[ Z
:e{ZJI ” (‘J {cos(f—llog 2)+isin(£—llog ZH
4 2 4 2
_ 2 cos(z—llog2}+isin(£—llogzj
4% 4 2

(6M)

Q6)C) Solve the following equations by Gauss-Seidel method.

27X+6y—z=85
6X+15y+2z2=72
X+y+54z=110

(Take three iterations)
Ans: We first write the three equations as
x:i(85—6y+ z)
27
y—i(72—6x—22)
15

1
z=—110—x-—
54( y)

(8m)




(i) First Iteration : We start with the approximation y=0, z=0 and we get

85
SX%=—=315.
& 27

We use this approximation to find y; i.e. we put x=3.15, z=0 in the second equation
1
LY = EUZ -6(3.15)]=3.54 .

We use these values of x; and y; to find z; i.e. we put x=3.15 and y=3.54 in the third
equation

7, = i(110—3.15—3.54) =191 .

(ii) Second Iteration : We use the latest values of y and z to find x , i.e. we put y=3.54,
z=1.91 in equation 1, we get

X, = 2—17[85— 6(3.54) +1.91] = 2.43

We put x =2.43,z=1.91 to find y from equation 2. Thus,
Yy, = %[72 -6(2.43)-2(1.91)] =3.57
We put x =2.43,y =3.57 in equation 3 to find z. Thus,
Z,= i[110— 2.43-3.57]1=1.93
54
(iii) Third iteration: Putting y = 3.57 , z=1.93 in equation (1) we get
Xy = 2—17[85— 6(3.57)+1.93]=2.43
Putting x =2.43,z=1.93 in equation 2 we get
Y, = %[72 -6(2.43)-2(1.93)]=3.57
Putting x=2.43 , y=3.57 in equation 3 we get
Z, = i[110— 2.43-3.57]1=1.93.
54

Since the second and third iteration give the same values
x=243,y=357,2=1.93




