Q.P CODE: 37525

g APPLIED MATHEMATICS - IV SOLUTION A

(CBCGS SEM -4 MAY 2019)

\_ BRANCH - ELECTRONICS &TELECOMMUNICATION .

Q1) If X, hasaamean 4 and variance 9 and X, has a mean —2 variance 4 ,
And two are independent , Find E(2X; + X, —3) and V(2X; + X, — 3
Solution: [5]
Wehave E(X;) =4,V(X;) =9, E(X,)=-2 and V(X;) =4
~EQX,+X,—-3)= EQX,+X,) —3=2E(X)) +E(X;) =3
=24)+(-2)—-3=3
VX, + X, —3) = V(22X + X,)
=22V (X)) + V(X,)
=4(9)+5=41

(b) Find the extremal of fxxlz(x +y")y'dx [5]

Solution
We have F = xy’ + y'?

Since F does ‘not contain y explicity
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Now F=xy’+y’2.'.z—§=x+2y’

]
But from the formula a_;’ =c ~x+2y'=c

A LAy _c dv= (£=Z%
..de—c X L= ~dy (2 2)dx

N | R

2
By the integration, we get y = %x - % (x?) + ¢,

2
Taking the arbitrary constant suitably, y = _x + ox+cy
4

(c) Verify Cauchy Schwartz inequality for the vectors =(—4,2,1) and
w = (8,-4,-2) [5]

Solution

We have |[u]| = V16 +4 +1= +/21 and ||v]| = V64 + 16+ 4 = /84
Al vl = V2184 = 42
And |u.v| = |u;vy +u,v, + ugvs|
=[(=H(®) + (2)(-4) + (1(=2)|
=|-32-8-2| =42
cAlulllivll = Ju. vl
By Cauchy — Schwartz inequality we should have |u.v | < ||ull||v]].

Hence, Cauchy — Schwartz inequality holds good for the given vectors.
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2 -2 3
(d) CheckwhetherA=1(1 1 1 ] Is derogatory or not . [5]
1 3 -1

Solution:
The characteristic equation of A is
2—1 =2 3

1 1-21 1
1 3 -1-4

=0

R-D[EA-1HDA+1)-3]+2[(—A+1)—-1]+3[3-(1—-AD]=0
2=-D[-4+22]-2[-2+22]+3[2+31] =0
AB—222-514+6=0 . AB-212-2124+1-61+6=0
A-1DA*=-21-6)=0 .. A1-1DA-3)1-2)=0
LA=1,-23

Since all the roots are distinct and since the characteristic equation are
distinct. f(x) = (x—1)(x + 2)(x — 3) is minimal polynomial . The

degree of minimal equaltion is equal to 3. Hence the matrix is non-

derogatory
Q2)
(@) Using Cauchy’s Residue theorem evaluate fcm where C is
|z| = 4 [6]
Solution:
Clearly z = —1 isa pole of order 2 and z = 2 is a simple pole.
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z-2)z-1) ] _ . z-1
(z+1)2(z-2)] ~ 752 (z+12)

O |-

Residue at (z = 2) = lirr21 [
Z—>

_ . a -1
Residue (atz = —1) = Zl_l)r_rl1 = [(Z +1)%- (Z+12)2(Z_2)]

- lim i(ﬂ) — lim (2—2)-1—(2—1).1] — lim _%

z—>—1 dz \z—2 z——1 (z—2)2 z——1
fcf(z)dz = 2mi(Sum of the residues)

1 1

= 2mi(;—) =0

(b)  Show that the extremal of the isoperimetric problem
Ily(x)] = f:lz(y’)z dx subject to the condition fxxlzy dx =Kkisa

parabola . [6]
Solution :

We have to find y = f(x)such that

fxxlz F dx=f;12 Y2 Ao (1)
is minimum subject to the condition [ 2Gdx=["?y dx = k...cceve...... (2)

To use Lagrange’s equation, we multiply (2) by A and add it to (1)

~H=F+G = fx"f(y'z N 0 X 2 (3)

Since the integrand is free from x , we use

, OF
F—ya—y,=c ................................................... (4)

Where, F=H =Y 2 4 AY oo, (5)
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Hence from (4) using (5) we get
y2+ly—y'.2y'=c —y?+Ay=c

Yy —Aly=—c=¢

/ d
Ly =\ + Ay "'Jclf—xyzdx
Integrating we get

%,/C1+/1y=x+cz '-.\/c1+/1y=%(x+cz)

\? ) 22 5 A 2,
(cl+/1y)=(5) (x +cy) .'./1y=?x tSoxt 0

Czﬂ
2

x% +

=2
LY =

A C A n
x+(—czz——1)=—x2+ c'x+c¢
4 A 4

This is a parabola..

2 1 1
(c) Isthematrix A =|1 2 1| diagonizable ? If so find the diagonal matrix
0 0 1
and the transforming matrix. [8]

Solution:

The characteristic equation of A is

2—A 1 1
1 2—-2 1
0 0 1-21

=0

L2-D[E2-DA=-2D)-0]-1[1(1-21) —-0]+1[0-0] =0

L2-H2-HVa-H-A-1)=0
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SA-D[EC-DR-D-1=0 ~(1-DA4—-41+22-1)=0
~(1=D(A2—42+3)=0

~(1-DA-3)(A-1) =0 A=113

Since the Eigen values are repeated the matrix A may be or may not be

diagonalisable.

(i) For A=3,[A—NI]X=0gives

E]: Ej

1 7[*1 0
0 0 2 |[*|=|0
0 0 -—-211*3 0

-1 1 11* 0
0 0 1||¥2|1=|0
0 0 O0lLX3 0

.‘.—X1+x2+x3=0 ,X3:0

-1 1 1
1 -1 1
0 0 -2

by R, + R,

By Rs+R,&R,

Puttingx, = t, weget x; =t
t 1
X, = [t] =t[1] .. Eigenvectoris [1,1,0]
0 0

There are three variables and the rank is 2, hence, there is only

3 — 2 = 1is the independent solution.
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(if)

For A = 3 alegrbric multiplicity =1 and the geometric
multiplicity -=1

ForA =1,[A—A,I] X =0 gives

1 1 11[*% 0
0 0 0lIX3 0

1 1 1
ByRZ_Rl 0 0 0 x1+x2+x3=0
0O 0 O
Let x, = —s Xy =S+t
s+t 1
o= |5t H [ ] e 0]
-1
1 1
0 -1

There are three variables and the rank of the matrix is one and hence

there are 3 — 1 = 2 independent vectors .

. For A =1, since the eigen value is repeated twice , the algebric
multiplicity =2 and since X, , X;are two independent vectors
corresponding to A = 1 ,the geometry multiplicity = 2. Since the

algebric multiplicity and geometric multiplicity are equal

then the matrix is diagonalisable .
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1 1
The diagonalising matrixis M =[X; X, X3] |1 -1
0 0
2 1 1
Thus, the given matrix A = (1 2 1] is diagonalised to the
0 0 1
diagonal matrix
3 00
D=0 1 0
0 0 1
1 1 1
By transforming matrix, M=11 -1 0
0 0 -1

Now, verifying M~1AM = . We shall first obtain M~1 by

elementary transformations.

For this we write A =1A Where A=M

1 1 1 1 0 O

1 -1 0]=]0 1 O0]A
0O 0 -1 0 0 1

1 1 1 1 0 O
0O 0 -1l 0 0 1
1 1 0] 1 0 1]

By R,+R, 0 -2 —-1|=1]-1 1 o|A

0 0 -1 L0 0 1l

By RZ_R3’ R1+§R2, _%RZ_R?)
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Weget M™1=

NI, N]|PR

ONIRLN]|PFR
I
|

Now , M~ 1AM =

NIRrN]|R
—_

2 1 1 1 1
1 2 1 -1 0
0 0 1 0 -1

3 1 1 3 00
3 -1 0]=1]0 1 0

0 0 -1 0 0 1

ONIRrNIR
o |

|
|

=D

ONIRrNIR
| =
NIRrN]|R

—_

o
I

Q3)

1 2 3
2 -1
3 1 -1

find 47 1. [6]

(@) Verify Cayley — Hamilton theorem for A4 = and hence

Solution:

1-1 2 3
2 -1-4 4
3 1 -1-1

The characteristic Equation is =0

SA=D[A+DA+D)—4]-2[-2(1+ 1) —12] +3[2+3(1 + D] =
A =D(34+22+22)+2(14+20)+3(5+31) =0
(3421422 4+31—-222 -3 +28+41+154+194=0

P22 =181 =40 =0 toooeeeeere oo, (1)
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Cayley —Hamilton Theorem states that this equation is satisfies by A i.e

A3+ A2 +184—-401=0

1 14 3
: ” |-l o =
3 -1 -1 4 14

14 3 44 33 46
12 4 1=|24 13 74
2 4 14 -1 52 14 8

It can be seen that

Now , A% =

A3 =

A3 + A2 — 184 — 401

44 33 46 14 3 8 18 36 54 40 0 O
=[24 13 74|+|12 9 -2 —[36 —18 72]—[0 40 0]
52 14 8 2 4 14 54 18 -18 0 0 40

0 0 O

=[O 0 O]

0 0 O

Thus the theorem is verified.

(a) Now multiplying (1) by A~ ,weget 42+ A— 181 —404"1 =0

A0ATY = A2 A =18l (2)
14 3 8 1 2 3 1 0 0
4047t =112 9 =2|+[2 -1 4|-18|0 1 0|=
2 4 14 3 1 -1 0 0 1
-3 5 11
14 —-10 2
5 5 -5
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L [3 5 11
LD AT==114 -10 2

40
5 5 =5

(b)Check whether the following are subspace of R3 [6]
() W={(a0,0}acR () W={xy2)|x=1z=1,y € R}

Solution:

(i) Let v; =(ay,0,0) and v, = (a,,0,0) be the two vectors in R3
Now, v; + v, = (a;,0,0) + (a, ,0,0) = (a; + a,,0,0)
Sincea; +a, €ER,v, + v, isinR3
If kisscalarthen kv, =k(a;,0,0) = (ka,,0,0)

Hence, kv, isalsoin R3
Hence, W = {(a,0,0)| a € R} isthe suspace of RS3.

(i) Let v; = (x1,v1,2,) Wherex? + y? +z2 <1
We consider the second condition of theorem ie if k is any scalar then
kv, = (kxq, kxy, kx3)
Butif k >1 then (kxy)? + (kxy)? + (kx3)? = k?(x? + yZ + z2%) is
not<1
Hence, Vs not closed under multiplication and hence not a

subspace of R3.

(c) Expand f(z) = in Taylor’s and Laurent’s series indicating

o !
(z-1)(z-2)

regions of convergence. [8]

Solution:

b
Let f(Z)= ﬁ‘F;
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. 1 _a(z-2)+b(z-1)
T (z-1)(z-2) (z-1)(z-2)

~l1=a(z-2)+b(z—-1)

Putting z=1 weget 1=a(1-2) iea=-1
Putting z =2 we get 1=b(2-1) ie b=1
-1 1
- f(2) = —1 Y

Hence f(x) isnotanalyticat z=1 and z = 2
- f(x)isanalytic when |z| <1, 1<]z|<2, |z| > 2

Case 1 ‘When |z| < 1, clearly |z|] < 2 hence

f@=-S+5 5

-1

1-z
=14+z+5+ . —%[1+§+%+ |
Case 2 ; 1<z| <2,
@ =57
1 1

MUQuestionPapers.com




2 3
=—1+2+5+5+ |1l S S
2 2 2 2 Z Z Z z
which is in the form of Laurent’s series.

Case :3 |z] > 2

which is in the form of laurent’s series.

Q4)
(a) Using Rayleigh — Ritz method to solve the boundary value problem .
I= [ 2xy+y? - (¥)?dx;0 < x < 1given y(0) = y(1) = 0. [6]
Solution:
We have to extremis [ = folF(x, v,y )dx o (1)
where F = 2xy + Y2 — 9’ e (2)
Now assume the trial solution y(x) = ¢y + ¢;x + cyx% ... ....(3)

LY) = —cx? = o x(1— %) (4)
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y'(x) = ¢;x — 2¢,x = ¢;(1 —2x)

Putting these values in I = fol(ny +y2 — y'*)dx we get
1
= f{Zx[clx(l — )]+ 2x?(1—x)? — cZ(1 — 2x)%}dx
0

= fol{Z(x2 —x3) + ¢[x? — 2x3+ x* — (1 — 4x + 4x?)]}dx
1

= j{Z(x2 —x3) + ¢q[x?— 2x3+ x* — (1 — 4x + 4x?)]}dx

4

3 4 5\ 11
X X 2 3 X X
=c1(2 ?—Z + ¢ | —x+2x°— x —74‘?
0

= [2(1 1)+ (1421 1+1)]
—alf3Ty T @ 275
1
cl=a(f-pa) = 2-gd
Its stationary values are given by :

a_, 1.3 _ o _15
d, 6 51T° "ATg'3T g

Hence from (4) the approximate solution isy (x) = % X(1 —x)

(b)If A= [_21 ‘1}] then prove that 3tanA4 = A tan3. [6]
Solution :

The Characteristic equation of A is

—1-21 4 |_
2 1—7\_0
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—A+ADA-21)-8=0 A2—-9=0 .1=3,-3
(i) ForA=3,[A—A1]X =0 gives
5 SlEel=l wre+irl Il =
—4x;+4x, =0 x;—x,=0

Putting x, =t ,weget x; = ¢ w Xy = [ﬂ ~ [ﬂ

.. The Eigen vector is [1,1].

(i) Ford=-3,[A—A,I]X =0 gives

] 5 B O St Y P | v R
S2x1+4x, =0 ie x;+2x,=0

Putting x, = —tand x; = —2x, = 2t

X2 = [EE] R, [—21]

-.The Eigen vector is [2, —1]

1 2

M= [1 “

] And |M| = -3

M-1 = adjM _ _g[:} _12]

M|
Now,D = [g _03]
- f(A) = tan 4, fD) = [tag?) —tgn 3]
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tanA=M f(D)M™1

ol R A [C | iy

Sl e

_ 1 tan3 —4tan3
—2tan3 —tan3

] _[tan3 4tan3] _ -1 41 _
. 3tanA4 = otan3  tan3 ]—tan3 [2 1] =tan3.4

=A tan 3.

(c) If sizes of 10,000 items are normally distributed with mean 20cms &
standard deviation of 4cms . Find the probability that an item

selected at random will have size:

(1) Between 18 cms and 23 cms  (2) above 26 cms [8]
Solution : (1) 0.2734
A
_ X-M _ X-20 0.1915
We have SNVZ = —= — — [
WhenX =18 Z=-"2= —05
_ -0.5 0 075
Whenx =23 z=22-075

P(18 <x <23)= P(-0.5<z<0.75)_

= area between (Z = —0.5 to 0.75
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=0.1915 + 0.2734 = 0.4649

(2) When X = 26

26—-20 6
/ = = -
4 4

=1.5

= area to the right of 1.5

=0.5-0.432 = 0.0665

Q.5)
(@) Find the orthonormal basis of R® using Gram-Schmidt process where
S={(1,0,0), (3,7,-2), (0,4,1)} [6]
Solution :

Step 1: v, = u, = (1,0,0)
Step 2: v, = u, — proj u, —% .Uy

Now, (u,,v;) =3+0+0=3 and ||v{|[?=1+0+0=1

3
v, = (37,-2) =7 (1,0,0) = (0,7,~2)

; . (uz,vq) (usz,vy)
Step 3: v, = U, — Proj U, — ) )
P Vs =Us = PTOJ Us = Tz - V1 Tz V2
NOW (u3,171)=0+0+0=0, <U3,v2)=0+28—2:26
v —(041)—0—5(07—2)—(09 15)
Y3 T A 53 " ~ 53"’ 53
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30 105

Hence, v; = (1,0,0), v, = (0,7,-2),v3 = (O’E 5—3) from the

orthogonal basis to R3. Now the norms of this vector are

Ivill= VI+0+0=1; |v,]l=VO+49+4= +/53

900 11025 15
Ilvsll = \/°+§+ 2 - Vor

And hence the orthogonal basis for R3 is

= : _ Y _ o7 2.
TS (1,0,0); 2= o= (0'\@' \/ﬁ) ’

V3 2 7

B = g = (O'E’E)

(b) Inafactory, machines A, B & C produce 30%,50% & 20% of the
total production of an item. Out of their production 80%, 50% &
10% are defective respectively. An item is chosen at random and
found to be defective respectively. What is the probability that it was
produced by machine A.? [6]

Solution:

P(A) =2=03

100

P(B) == =05

100

P(C)=2=02

100

Defective
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80

P'(A)=—-=08
’ 50

, 10
P'(C)=—=10.1

P(A).P'(A)
P(A)(P'A)+P(B)P'(B)+P(C)P'(C)

From Bays Theorem =
=(0.3%0.8)/(0.3%0.8+0.5x0.5+0.2x0.1)

= > -0.294

17
co dx
(c) Evaluate [~ Do [8]
Solution:

(i) Consider the contour consisting of a semi circle and diameter on the real

with the centre at the origin.

1
(22+22)(22+32)

(if) Now, zf (z) = z. - 0as|z| » o

(iii) The poles are given by z + 22 = 0,22 + 32 =0 .z = +2i,z = +3i.

Of these
z = 2i, z = 3i lie in the upper half of the z plane.

1 1
(z—20)(z+20)(z2+32)  4i(3-2)

(iv) Residue (at z = 2i) = lim(z — 2i).
Z—al

1
z2+422)(z-30)(z+310)

Similarly, Residue (at z = 3i) = lirgl_(z — 3i).(
Z—51
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1 1

6i 22-32)
. 1 1 1
™ J o (x2+4)(x2+9)) 2 [_ 4i(3-2) ' 6i '22—32)]
=T
T30
Q.6)
dz . ;
(a) Evaluate fczg D) where C is a circle [6]
. | z | =2
i.  |z3|=2
Solution:
(i)

The poles are given by z3(z + 4) = 0
-.z =0 isapole of order 3and z = —4 is a simple pole.

|z| = 2 is a circle with centre at the origin and radius 2 . Hence z = 0 lies
inside C and z = —4 lies outside.

2
Residueatz = 0 = lim .2 |73, — ]

z—0 2! dz? "z3(z+4)

. az (1 1d 1
=lim -.—(—) = lim —-—
750 2 dzZ\z+4 z—>02 dz zZ+4

. 2 1
= lim -. = —
z—0 (z+4)3 64

dz (1Y Tl.'_l
"ch3(z+4) = 2m (a) 32
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i, |z3]=2
. Centre at (3,0) and radius is 2.

As mentioned above z3(z+4) =0 gives z=0and z = —4

So z(3,0) lies inside the ¢ and z(0, —4) lies outside the ¢

Hence we put f(z) is analytic inc

] ) 1 d? 1
Residueatz = 3 = lim —.—|z3. ]
z—3 2! dz?2 z3(z+4)

. 1 d*> (1 .1 d 1
=lim-.—(—) = lim-z.—(——
753 2 dz? \z+4 7532 dz z+4

.1 2 1
= lim -. = —
753 2 (z+4)3 343
dz (1 2mi
o =2mi(—) = —
€ z3(z+4) 343 343

(b) Two unbiased dice are thrown three times, using Binomial

distribution find the probabilities that the sum nine would be
obtained [6]

i. Once
il. Twice
Solution
When two unbiased dice are thrown the chances that sum 9 are obtained

are:[(6,3); (3,6); (5,4); (4,5)]
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So there are 4 chances to obtain sum 9 .

(i) Once
By Binomial Distribution
PX =x) =" Cp*q™™
Px=n=0(3) (1-3)
(i) Twice
By Binomial Distribution

P(X =x)="Cp*q"™

_ 3 i 2 _i 1_3 i 2 E 1_
PX=1)="0C (36) (1 36) =G (36) (36) =03
(c) For the Following data
X 1100|110 | 120|130 (140|150 | 160|170 180|190
45 |51 |54 |61 |66 |70 |74 |78 |85 |89

Y

Find the coefficients of regression b,, & b,, and the corfficient of

correlation (r) .
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Solution:

Calculation of b, b,, etc.

Srno Dx dy d,d,
X | X—150 |dZ Y | X-70 d;

1 100 |-50 2500 |45 |-25 625 | 1250

2 110 |-40 1600 |51 |-19 361 | 760

3 120 |-30 900 54 |-16 256 | 480

4 130 |-20 400 61 |-9 81 180

5 140 |-10 100 66 |-4 16 40

6 150 |00 000 70 |0 0 00

7 160 |10 100 74 |4 16 40

8 170 |20 400 /8 |8 64 160

9 180 |30 900 85 |15 225 | 450

10 190 |40 1600 |89 |19 361 | 760

N 50 -27 4120

=10 | 8500 2005
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Y=A+zfv—x=150—f—g=145; 7=B+zfv—y=70—j—g=67.3

YdyYd —50)(—
_ Ydydy— = 4120—%5,27) _ 4120-135 _ 3985 _
byx = yq2_2W@x® T ggg, (G502 T §500-250 8250 0.483
x N 10
T dxyd _50)(=
b — Sdydy -2 X2 4120-C29CED 00 135 3085 5 06
o S(dy)® | gsoo—C2P% T 2005-72.9 19321
Ydj- =5 10
The line of regression of Y on X is
Y-V =b,(X-X
Y —67.3=0.483(X — 145) ~Y =0.483X — 2.735

The coefficient of correlation (r) is

r = /byx X by, = V0.483 x 2.06 = 0.9975

Hence,b,, = 0483 , by, =2.06 , r=0.9975.
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