Q.P CODE: 36987

g APPLIED MATHEMATICS - IV SOLUTION A

(CBCGS SEM -4 MAY 2018)

\_ BRANCH - ELECTRONICS &TELECOMMUNICATION .

Q1)
(). Find the extremal of [ (xy+y?—2y?— y)dx. [5]
Solution:
we have F = xy + y% — 2y2y’
OF

JOF _ _ ' OF _ 5,2
..ay—x+2y 4yy’ and oy 2y

: : . OF d (0F
Putting these values in the Euler’s equation 7y o (a_y') = 0, we get

X + 2y — 4yy’ — %(—Zyz) =0
X+ 2y —4yy' +4yy' = 0 LX+2y=0 Ly =—x/2
This is the required extremal.
(b.) Verify Cauchy - Schwartz inequality for the vectors. u = (-4,2,1) and
v =(8,-4,-2) [5]

Solution:

we have |u|=v16+4+1 =21 and||v]|= V64 +16+4 = /84

Al vl = V21v/8% = 42
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And |u.v| = |Upvi+ UV + UsVs + UgVy |

I(-4)(8) + (2) (-4) + (1)(-2) |
-32 -8 -2 | = 42

Al v = Tu. vl
By the Cauchy - Schwartz inequality we should have |u.v | <|lul|v]||.

Hence Cauchy - Schwartz inequality holds good for the given vectors.

() If A,z A3 eeenennnnnn. An are thr eigen values of A then show that
N — are the eigen values of 471 [5]
Ar T4z A3 n

Solution:

If Ais an eigen value of A and X is the corresponding eigenvector then,

AX = 21X SX=ATTAX) =241 X)
1
© 7 X=A"1X w7 is an eigen value of A™1
Hence If A1, Ao, Azoeeeenn..... \n are the eigen values of A then
1 1 : -1.
W are the eigen values of A= .
(d) A random variable x has following probability mass distribution : [5]
X 0 1 2
P(X=x) | 3¢® 4¢ —10c? 5¢ -1
Solution :

Since > P; =1 wehave P(0)+ P(1)+P(2)=1
5o 3cx3+ 4c—10c24+ 5¢—-1=0

1
cC ==
3

MUQuestionpapers.com




Probablity  distribution is X 0 1 |2

Solution :

P(X=Xx) 1/9 | 2/9

2/3

Px=1)=Px=0)=1/9

Q2)

(a) Evaluate f01+iz2 dz along (i) the line y = x (ii) the parabola x = y?

Is the line integral independent of the path ? Explain . /

Let OA bethelinefromz=0toz= 1+

(1) Onthe line OAie y=x,dy = dx

[6]

A(1,1)

v

ndz=dx+idy =(1+ i)dx
And x varies from0to 1

sl= f01+i(x + iy)3dz = folﬁ(sz — y? + 2ixy)(1 +1i)dx
= [ —x*+2ix) (1 +D)dx [y =x]
341
e -\l - 5 [%
=2i(L+i) ) 21(1+1)[?]0
= 331(1+i)=33(i-1)
(ii)  Onthe arc OA of the parabola x = y?,dx = 2ydy

0

dz=dx+idy = Qy+i)dy

1
I = j(x2 — y2 + 2ixy)(2y + i)dy
0

=f01 (2y° + 2y3 + 4iy* + iy* —iy? — 2y3)dy

= [112y° — 4y®) + i 5y* — yD)]dy
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The two integrals are equal
is analytic function .

(b). A random variable x has following density function

F(x) = {Ze‘zx, x>0

1

5=+ i -%)),

S(-1)

— E + E i
3 3
i.e the integral is independent of path because f(z) = z2

[6]

find mgf, mean and variance .

0, x<0
Solution:
We have
My(t) = E(e*¥) = foooetx. 2e %% dx
2
2 e\ 1 t  t? 3
NOW’MO(t)_2(1—§) B (1_2_) =lagtatate

- W1 = coefficient of t = % :

N 1
~Mean = = ol

“_ . t?
U~ = coefficient of P

N N 2 1
var (X) = py — p, % =

(c). Calculate R (spearman’s rank correlation ) and r (karl pearson’s ) from

the following data:

[8]

12 11722 |27 |32

113119 117 | 115|121
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Solution :  From the given data

Yx=110,Yy=585,N=5,YD*=38

X=22,Y=117,5(x-X) =250, (v - 7) =40

Y(X-X)(r-Y)=60

\/Z(X—Y)Z Z(Y—7)2 V250 X 40 .
2
R - 1— % - 06
Here R=r

Thus value of R over rare equal. When arranged in ascending order also
increases the same amount of 2 every time.

Q3)

a. Let V=R® ,show that W is a subspace of R® , where W ={(a,b,c):a+
b+c=0 }, thatis W consists of all vectors where the sum of their
components is zero. [6]

Solution
0=(0,0,0) belongstow , since 0+0+0 =0

Suppose u=a,b,c andv=a',b’,c’ therefore any scalars k and k™ we
have

ku+ kv =k(a,b,c)+ k(a',b",c)

= (ka + ka") + (kb + kb") + (kc + kc")
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Further more

(ka+k'a)+ (kb + k'b")+ (kc+kc)=k(a+b+c)+k'(a"+b + ")

=0
Thus ku + kv' belong to W
. W is the subspace of v
(b) . Evaluate f where cisthecircle|z—1| = 3. [6]

1)2
Solution :
The circle |z — 1 | = 3 has centre at C (1,0) and radius 3.

Further ,z+1 =0 gives A.z = —1.The point A lies inside the circle .
2z . .. . .
Hence € /(z + 1) is not analytic in C. We take f(z) = e*2z which is

analaytic in C..

A

(z—- Zo) ~ (n-1)!

e?? 2mi
"fc (Z+1)4 __f ( 0)

2wi 8 _ 8mi

31 e2 3e?

¢) Show that matrix A is diagonizable . Also find the transforming matrix

and the diagonal matrix where [8]
4 1 -1
A=12 5 -2
11 2
Solution :
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By corollary of Cauchy’s Formula / /_\
2 (1,0
fc f(z) _ _2mi T pn= l(zo) :\

v




Let A bethe eigen value A.
The characteristic equation of |A — 41| =0
4 -1 1 -1
2 5—-14 —-21]=0
1 1 2—-1
On solving we get
A3(sum of diagonal elements ) A? + (sum of the minors of the diagonal
elements ) A - |A| =0
A —11A%2 +390-45 =0
.. The eigen values (A\) are 3,3, 5
Since , all the eigen values are distinct the matrix A is diagonalisable.

(1) For A=3,[A—-Al [X =0 gives

1 1 11" 0

2 2 =2||*%21=10

1 1 —-111%3 0
xy+ 1x, — 1x3 =0 2xq +2x, — 2x3=0

1
By cramer’s rule : we get x; = [—1
0

1
Xy = [0]
1
1
Similarly whenA=5 x5 = [2]
1

Hence A is diagonalizable since it has 3 linearly independent eigen values.

1 1 1
Transforming Matrix = P = [—1 0 2]
0 1 1
3 00
Diagonal matrix, D=P~'AP = [0 3 0
0 0 5
Q4)
(@)  Find the extremal of fx’j)l(ny —y2" [6]

MUQuestionpapers.com




Solution :

We have f = 2xy —y"?

of of of
S— = 2X — =0 — = =2y"
dy ’ oy ' ay y

i 6_f_i(a_f) d_z(a_f)_
Hence , the equation 5y~ ax\ay t— 3y = 0 becomes

2 O+d2 2y")Y=0 .. 2 22y d2y =0
x dxz( y) =0 -2x dx2\dx2 ]

d*y
w = X
This is a linear differential equation to the fourth order
Its A.Eis D* =0 ~.D=0,0,0,0

~The CF is y = ¢; + cx + c3x% + 423

And Pl y=—x

x2 1 x2
—=—2f2—dx

1 1
yzﬁfdezﬁz

1 x3 1 %3 1 X
== . —dx==[—=dx= =.
D2 " 3x2 DY 3.2 D 4.32
4 5 5
X X X
:f dX = = —
4.3.2 5.4.3.2 51

5
Hence the solution is y= ¢+ x4 c3x?+ cxd+ %

(b) A transmission channel has a per — digit error probability p =0.01.
Calculate probability of more than 1 error in 10 received digits using

(i) Binomial Distribution (ii) Poission Distribution
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Solution:

(1) Binomial Distribution : We have p=0.01,9g=1—-p=0.99,n=10
L P(X —x) ="C,p*q™* = 10'°C,(0.01) x (0.99)10*
PX>1)=1-PX<1)=1-PX=0—-PX=1)

= 1-19¢,(0.01)°(0.99)1°-1°¢, (0.01)1(0.99)°
= 1—-0.9044 — 0.09135 = 0.00425

(i) Poisson Distribution : We have m = np=10(0.01) =0.1

P(X = x) = e_m_% — e—o_l (Oxl')

~PX>1D=1-PX<1
=1-P(X=0)— P(X=1)

_ _o1 (0.1)° _o.1 (0.1)°
=1-e o € 11

=1-0.9048 — 0.0905 = 0.0047

(c) Obtain the Taylor’s and Laurent’s expansion of f(z) = zzi;;—S
indicating regions of convergence. [8]
Solution :
. z—1 _ Y2 V2

Let f(Z) ] (z+1)(z-3) T z+1 + z-3

f(z) is not analayticatz = —1.andz = 3
f(z) isanalyticwhen |z| <1 ,1<|z<1,|z| >3 0<z| <1
Case 1: When |z| <1&|z| <3
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1 11 1

f@=——+5 :
1+z 2(-3 _ (£
=3 1-(3)
1 1 A
_ 2 1_2(1_%
=>(1+2) 6(1 3)
_1.5,13
~37 9 T277 "
Case (ii) When 1 < |z| < 3 we get |§|<1& g <1

()_1 1,11
f@ =5 17713 7-3

2 3
=l i_iz_|_i3+...]_ 1[1+£+Z_+Z_+...
21z z z 6 3 9 27

This is the required Laurent’s series.

Case (iii): When |z| > 3, clearly |z| > 1
O S S
@ =579%37,-3

_1(1+1‘1+1 ) 3\
2z Z) 22( 2)

:1[2+z+2+g+."]
2z z z

2z

This is the required laurentz series

Q5)
(@)
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0 c -b

Show that matrix A = [— 0 a ] satisfies Cayley — Hamilton
b —-a 0

Theorem and hence find A if it exists. [6]

Solution:

0—A ¢
The characteristic Equation is —c =0
—a O

=A% +a?)— c(cA—ab) — b(ac+b1) = 0

=A% — da? —c?A+abc—abc—b*1=0

DB (@ PP+ D)A=0 e (D)
Now ;
0 c —=b][0 c —b —c% — p? ab ac
A== 0 all-c 0 al|= ab —c? —a? bc
b —a O0llp - bc —b? — a?
—c? — b? ab
LA = ab —c? — a? —C
ac bc —b2 — a? bc O
0 —c3 —cbhb? —ca® b3+ bc?+ ba?
=1 ¢3+ ca? + cb? 0 —ab? —ac®*—-ad
—bc? — b3 —a*b ac?+ab?*+ad 0
0 c -—b
AB==@+b°+c?)[-c 0 a|=—-(a®+b*+c?)A
b —-a 0

A3+ (a®> + b? +c?)A=0 .Asatisfies the equation (1)
Hence ,A satisfies Cayley — Helminton Theorem

Now the determinant of the matrix A
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0 ¢ -b
ie [Al=[-c 0 a|[=0(0+a? — c(0—ab)—b(ac—0)
b bc 0

= abc — abc = 0 Since the matrix A is singular A does not exist.

(b) Let R® have the Euclidean inner product . Use Gram —Schamidit
process transform the basics {u,u 2 us} into an orthonomal basis
where u: =(1,1,1), u>=(-1,1,0) , us =(1,2,1) [6]
Solution:

Step 1 Vi = Uy = (1,1,1)

_ : {u,vy)
Step 2: vy = Uy ~Proj Uy = U; — e vy

Now, (uy,v,)=—-1+1=0; and||v4|2=14+1+1=3

(us,vq) . (usz,vy) .
1=
llvl1? llv112

SVUy = Uz — Proj Uz = Uz — v,

4 1 1 1 -1
L= (12D - (LD -5 (-110) = (g ,5,7)

Hence,v, = (1,1,1),v, = (—1,1,0),v; = (% %_?1) from the orthogonal
basis of R3.

Now the norm of these vectors are ||v4|| = V1+1+1=+3,

1 1 1 6 1
ool = VIF 1 F0=2; llsll = =+ +2= \g L

Hence the orthonomal basis of R? is

\'Z] 1 1 1 v, 1 1
LA S R B )
Ivall W3 'V3 V3 vl V2 V2

— V3 _(ii‘_) Y6 _V6ve V6 _ 2
B ™ G ve'Ve '35~ % ~% Ve

N
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(c) The marks obatained by 1000 students in an examination are found to
be normally distributed with mean 70 and the standered deviation 5.
Estimate the number of students whose marks will be [8]
I. between 60-75 ii. More than 75.

Solution : We have SNV, 7z =20 X770

o 5

60-70

() When X =60,Z = -

When X = 75,7 = 75;70 = 1;

P60 <X<75)=P(-2<Z<1)
= area between (z = -2&z=1)
=Areafrom(z=0 toz=2) +areafrom (z=0toz=1)
= 0.4772 4+ 03413 = 0.8185
Number of students getting marks between 60 and 75
=NP = 1000 x 0.8185 = 818

(ii) P(X=75) =P(Z=1)
= Areatotherightof Z =1
= 0.5 — (area betweenZ =0and Z = 1)
=0.5—-0.3413 = 0.1587

.. Number of students getting more than 75 marks
= Np = 1000 x 0.1587 = 159

Q6)

(a) Using the Rayleigh — Ritz method , solve the boundary value problem
I= f()l(zxy +y? - )"Z)dx;O <x<1,given y(0)=y(1)=0 [6]

Solution:
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We have to extremise [ = folF(x, Y,y dx oo (1)

Where F = 2XY + Y2 = 1'% oo (2)
Now assume the trial solution y(x) = ¢o + ¢;x + ¢c,x2 ....... (3)
By thedata y(0) =0.. ¢, =0;y(1) =0 ~0=c¢; +¢, -.C; —
Y = cx —x? = cx(L—%) i 4)
y'(x) = ¢;x — 2¢,x = ¢;(1 — 2x)
Putting these values in I = fol(ny +y2 — y'*)dx we get

1

= f{Zx[clx(l — )]+ c2x?(1—x)%— ¢Z(1 — 2x)%}dx
0

=, fol{Z(x2 —x3) + ¢q[x? = 2x3+ x* — (1 — 4x + 4x?)]}dx

1
= j{Z(x2 —x3) 4+ ¢y[-1+ 4x — 3x% — 2x3 + x*]}dx
0

2 x©_x + + 2x2 3 x4+x5
3 )T a\TrTer T XY Ty Ty

- [2(1 1>+ (1+2 1 1+1)]

“ale\3Ty) T a 275

1 3 ci 3 o
~I=c (———c) = —-—c
1\6 101

1

0

Its stationary values are given by :

dl 0 - 1 3 0 o =
dc, e 5c1— SCp =
Hence from (4) the approximate solution isy (x) = % x(1 —x)
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4 -2 2
(b) Show that A=|6 -3 4] Is derogatory and find its minimal
3 -2 3
polynomial. [6]

Solution:
The characteristic equation of A is

4 —A —2 2
6 —3-—-A 4 [=0

3 —2 3—

Further solving the equation we get
—A(=3-1)B-1)+8]-2[6(3—1)—12]+2[(—12) +9 + 31]
L(A=-1DA%2-31+2) A1=11.2

Now finding the minimal polynomial of A . As we know that each characteristics
Is root of A is also a root of the minimal polynomial of A. So if f(x) is the minimal
polynomial of A |, then x — 2 and x — 1 are factors of f(x)

Now checking whether (x — 2)(x — 1) = x? — 3x + 8 annhilates A

=N 2 -2 2 -2 2
NOW,A2—3A+2i=[ -3 4][ -3 4]—3[ -3 4|+
-2 3 -2 3 2 3
0
ki
0 0 1
10 -6 6 4 =2 2 1 0 O 0 0 O
=[18 -11 12]—3[6 -3 4]+ 8|0 1 O]=[O 0 0]
9 -6 7 3 -2 3 0 0 1 0 0 O

. f(x) = x* — 3x + 8 annihilates A . Thus ,f(x) is the monic polynomial of
lowest degree that annihilates A.
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Hence ,f (x) is the minimal polynomial of A. Since the degree of f(x) is less than
the order of A. A is derogatory

c) (i) [4]

do
5+3sin0

Evaluate [ "

Solution:

; . d ; 2_1
Let e® =z - e -ido = db =l_—zz and sin 0 =Zzl,z

/ j 1 dz f 2 q
= 2 _ T 2 -_ Z
C5+3<ZZiZ1> iz C3Z + 10iz — 3

= [ ——=— dz.where C is the centre |z] =1
€ (3z+i)(z+3i)

Now the poles of f(z) are given by (3z +i)(z+3i) =0

.z = —é and z = —3i are simple poles. But z = —é lies inside and

z = —3i are simple poles.Butz = —é lies inside and z = —3i lies

outside the circle |z| = 1.

. i . i 2
Residue (at Z= _3_) 7 21_1)12 [Z + (5)] " (Bz+1)(z+30)
3
) 2 1
= m ===
P 3(z+3i) 4i
(1) _ =«
..I—Zm(z) =3
oo 2
(b) Evaluate | - dx ,a>0,b>0 [4]

© (x2+a2)(x2+ b2)

Solution:
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(1) Consider as before the contour consisting of a semi-circle and
diameter on the real axis with the centre of the origin.

.. z3
(i) - Now , zf(z) = EETOEETS Oas|z| » »

(iii) Now, (z2 + a?)(z?> + b?) =0i.e z = +ai,+ai,+bi,—bi
One of these z = ai, z = bi lie in the upper of the z plane

22
(z—ai) (z+ai)(zz+b2))

(iv) Residue (at z = ai) = lim(z—ai)- (

zZ—at

2ai(-a2+b2)  2i(a?-b?)

a

~b? ~b

Similarly Residue (at z = bi) = s = s

2

dx =2T[i[

o) X a -b _ T
v) | (x2+a?)(x%+ b?) 2i(a?-b?) 4 2i(a®~b?) ] ~atb
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