MATHEMATICS SOLUTION
(DEC-2019 SEM-4 COMPS)

Q.P. CODE: 79693

Q1] A) Find all the basics solutions to the following problem: (5)
Maximise : z = x; + 3X; + 3Xx3
Subject to : x4 + 2Xx, + 3x3 = 4
2X1 + 3X2 + 5X3 =17
X1,X2,X3 >0
SOLUTION :-
Maximise : z = x4 + 3%, + 3X3
Subject to : x; + 2%, + 3x3 = 4
2X1 + 3X2 + 5X3 = 7
No of Non Basic Equation and Is Is solution Value Is
basic basic variable | values of basic solution | degenerate ofZ solution
solution | variable variables feasible? optimal
1 x3 =0 X1, X2 X1+ 2%, = 4 Yes No 5 Yes
2X1 + 3X2 = 7
X1 = 2, Xz = 1
2 XZ = 0 Xll X3 Xl + 3X3 = 4‘ YeS NO 4 NO
2X1 + 5X3 = 7
X1 = 1, X3 = 1
3 X1 =0 X2, X3 2X, +3x3 =4 | no no - -
3X2 + 5X3 =7
Xy = _1, X3 = 2
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Q1] B) Evaluate fcl(z — z2)dz, where c is upper half of the circle |z]| =1 (5)

SOLUTION:-
Evaluate fcl(z —z%)dz lz| =1
z = el ~dz = e®d® and 0 varies from 0 to

2i 3i

fcl(z—ZZ)dZ — foﬂ(eie — e?i9)el® jdp = if:(eZie — e30)dp = i e 3]:

2i 3w 4 q 1.1 1 1 2
= e——e———+—] = [—+———+—] = -
2 3 2 3 2 3 3
The value of the integral for the lower half of the same circle in the same positive direction i.e

when 0 varies from 1t to 2Tt.

1 . e219 e319 L [e4im ebiT e2im e3im
f(Z—ZZ)dZ = l—.——.] =l[—.——.——.+—.
c 21 3i I 21 3i 21 3i
_ [cos41‘t+isin41't CosS6T+isin6T cos2T+isin2T cos31'[+isin31't] _ [1 1 1 1] _ 2
2 3 2 2 2 3 2 3 3

Q1] C) Ten individuals are chosen at random from a population and heights are
found to be 63,63,64,65,66,69,69,70,70,71 inches. Discuss the suggestion that
the height of universe is 65 inches. (5)

SOLUTION:-

N = 10(< 30, so it is small sample)
Null hypothesis(Hg): p = 65
Alternate hypothesis(H,): n # 65
LOS =5%

Degree of freedom =n-1=10-1 =9

Critical value(ty) = 2.2622

Values (Xi) Di = Xj— 67 Diz
63 -4 16

63 -4 16

64 -3 9

65 -2 4

66 -1 1
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69

69

70

70

71

O|lbh|WW|IN|N

Total

n 10
X =a+d=67+0 =67

Since sample is small,

G- \/ZLZ - (E%)° = 2 () = 29965

n n 10 10

SE=—===2222 = 09888
Test statistics

_ X-p _ 67-65 _
teal = SE = ooss 2.0227
Decision

Since |ty ] < ty, Hy is accepted.

The man height of the universe is 65 inches

Quo)ifa=[% 3| thenfind a0
SOLUTION:-

12 3
A=l 2

The characteristics equation is

[2_—37& _43_ 7\] —0
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2-MD(4-1M)—-(-3x%x3)=0
—8—2A+4A+2*+9=0

A+12=0

A= -1

Since matrix is of order 2 we consider

@(A) = A0 = ;A + ol

A satisfies this equation A0 = o A + apl
PuttingA = —1

(=D = o (1) + apl

1= —a; +opl

1001%° = ay + 0

a; = —100
1= —a+q
Oy = —-99

A0 = —100A — 991

=l 3oy

y [—200 —-99 -300-— 0] _ [—299 —300]

300-0 400 — 99 300 301

Q2] A) Evaluate :ﬁ dz, where cis the circle |z| =1 (6)
SOLUTION:-

1 Z+2
fc Ty dz lz| =1

|z]| = 1 is acircle with center at the origin and radius 1 hence both points z=3 and z = 4 lie
outside the circle C and f(z) is analytic in C

1 zZ+2 d =0

By Cauchy’s theorem ¢ DD zZ
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Q2] B) An 1.Q test was administered to 5 persons and after they were trained.

The results are given below.

(6)

Test whether there is change in 1.Q after the training program use 1% LOS

| Il ]| \Y) \'
1.Q before | 110 120 123 132 125
training
1.Q after 120 118 125 136 121
training
SOLUTION:-

I Il I v Vv
1.Q before 110 120 123 132 125
training
1.Q after 120 118 125 136 121
training

deviation in each caseis10-224-4
sum of d=10
d?=100+4+4+16+16=140
2__ —_
d= sumof%z?z 5 ands = \/d 4 \/M = 5.673

n-1 5-1

Hence there is no change of 1Q after training since given
t0.01(4)=4.6

Q2] C) Solve the following LPP using Simplex Method
Maximize z = 4x; + 10x,
Subjectto 2x; +x, < 10

2x4 +5x, < 20

2x; +3x, < 18

X1, X2 =0
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Solution:-
We first express the given problem in standard form.
Maximize z = 4x; + 10x, + 0s; + 0s, + 0s3
i.e. z—4x; —10x, +0s; +0s, +0s3 =0
Subjectto 2x; + x5 + 51 + 0s, + 0s3 = 10
2x1 + 5x, + 05y + 55 + 0s3 = 20
2xq1 +3x, + 0s; + 0s, +s3 =18

We put this information in tabular form as follows.

Iteration | Basic Coefficients of RHS ration
no variable Xq Xp Sq S, S3 soln
0 JA -4 -10 Os 0 0 0
S, leaves S1 2 1 1 0 0 10 10
X, enters S, 2 5 0 1 0 20 4
S3 2 3 0 0 1 18 6
1 z 0 0 0 2 0 40
s; leaves S1 8/5 0 1 -1/5 0 6 15/4
X4 enters Xy 2/5 1 0 1/5 0 4 10
S3 4/5 0 0 -3/5 1 6 15/2
2 yA 0 0 0 -1/5 0 40
Xq 1 0 5/8 -1/8 0 15/4
Xy 0 1 -1/4 1/5 0 5/2
S3 0 0 -1/2 -1/2 1 3
X1 =175; X5 =§ and zy,,x = 40

This is an alternative solution. But this does not improve the above optimal solution.

Thus we have two solutions, x; = 0; x, =4 and z,,,,x = 40

15 5
And x4 = X2 =3 and z,,x = 40

If there are two solutions to a problem then there are infinite number solutions.
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_[*% _ [0 _
Let X = _XZ], X, = [4], X, =
[ Z1-2)
ie. X = 45
4+E(1_/1)

INNRZ I

,thenX =1 X, +(1—-1X, for0< A<1

Gives infinite number of feasible solutions, all giving z,,,,x = 40

Thus we get two points A(0, 4) and G(15/4, 5/2) giving the same maximum value of z(=40).

Q3] A) Find the Eigen values and Eigen vectors of the following matrix. (6)
2 2 1
A=|1 3 1
1 2 2
SOLUTION:-
2 2 1
1 3 1]
1 2 2

The characteristics equation is

2—2A 2 1
1 3—2A 1 |=0
1 2 2—A

After simplification we get,

B -7 +11A-5=0
A-1DA-1)@A+5)=0
A=115

Hence 1,1,5 are the Eigen values.

(1) ForA =1 [A — A, I]X = 0 gives

1 2 1% 0
[1 2 11Xz 0]
1 2 11IX3 0
ByR; =Ry, Rz —Ry
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X1 0
0 0 Of|X2|=10
0 0 O0lIX3 0

X1+2X2+X3:0

[121

We see that the rank of the matrix is 1 and number of variables is 3. Hence there are 3-1 =2
linearly independent solutions i.e there are two parameters we shall denote these parameters

bysandt.
Putting x, = =5, x3 = —t, wegetx; = —2X, — X3 =25+t
2s+t [ 2 ] 1
X=|[-s+0|=s|-1|+¢t] 0
0—t [ 0 -1
2
X1 = _1 ) X2 = 0
0 [—1]
2 1
The vectors |—1],| 0 | are linearly independent.
0 —11

2 1
Hence corresponding to A=1 the Eigen vectors are [—1] and [ 0 ]
0 -1

(1) ForA =5, [A Al ]1X = 0 gives

el el Rl

ByR, — R, R3+3R1
1 2 =31[X1]  [0]
0 —4 4[[|x]|=1]0
o 8 -—sllxs] lo
By R; + 2R,
1 2 =31[%] [0
0 —4 4 |[[x2|= |0
0 o ollxsl lol

Xl + 2X2 - 3X3 == 0 and _4'X2 + 4‘X3 = 0

Puttingx; = twegetx, =tandx; = —2x, + 3x3 = —2t+3t=t

1
= H = t [1] hence corresponding to A = 5, the Eigen vector is [1]
1
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Q3] B) If the height of 500 students is normally distributed with mean 68 inches
and standard deviation 4 inches. Find the expected number of students having
heights between 65 and 71 inches. (6)

SOLUTION:-

Evaluating no of students having height between 65 and 71 inches

When X =65
z7=2%_-_3 - 075
4 4
Whenx =71
z=2% =32 =075
4 4

P(—0.75 < Z < 0.75) = Area from (Z =0to Z = —0.75) + Area from (Z = 0 to 0.75)

1 1
yrdz \/%fomc-zzzdz = 0.2734+ 0.2734 = 0.5468

Probability of students having height between 65 to 71 inches is 0.5468

1 0
Ef—ms ¢

No of students=N X P = 500 x 0.5468 = 273

No of students having height between 65 to 71 inches is 273

2_
Q3] C) Obtain Taylors and Laurents expansion of f(z) = ﬁ around z =0 (8)

SOLUTION:-

Since the degree of the numerator is equal to the degree of the denominator we first divide the
numerator by the denominator.

z%-1 5z+7

f@) = =1-

2245246 z2452+6

let—2Z =2 42 5, 7=aqz+2)+bz+3)

z2+45z+6 z+3  z+2

Whenz=-2 b=3whenz=-3 and a=-8

MUQuestionPapers.com




z%-1 8 3

f(z) = =1-2 42, (1)

z2+5z+6 z+3  z+2

Case (1): when |z]| < 2 we write

8 3

fz)=1- 3[1+(§)] + z[1+(§)]

When |z| < 2, clearly |z] <3

=12 O i @ =12 @ - e i
G-

Case (2): when 2 < |z| < 3 we write

=1 g = 10 ()

f=1-21-(O)+ @) - .|+ 1-@)+ @) - .. ]

Case (3): when |z]| > 3 we write

8 3

r&=1- e 7o)

When |z| >3 clearly |z]| >2
0=1-20+9" 43043 =1 21O+ (- 4|+ - 0)+
& -+

Q4] A) A machine is claimed to produce nails of mean length 5cms and standard
deviation of 0.45cm. A random sample of 100 nails gave 5.1 as their average
length. Does the performance of the machine justify the claim? Mention the
level of significance you apply. (6)
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SOLUTION:-

X =5cm

SD =0.45cm

u=5.1cm

n =100

we have,

2= ol = [awsyeml = 222

Level of significance a = 0.05
Critical value : the value of Z, at 5% level of significance is 1.96

The performance of the machine increases.

. . 2n do
Q4] B) Using the Residue theorem, Evaluate fo ey (6)
SOLUTION:-
Letel® =z el®.ido = dz;
2_

de:E and sin6=Z_1

12 21z

iz 1 dz 1 2 1 2
I=J 5+3(ﬁ) (E) o fc 322+10iz dz = fc (3z+1)(z+30) dz

2iz

Where c is the circle |z|=1

Now the poles of f(z) are givenby (3z +i)(z+3i) =0, z= — (%) and z = —3iare simple

poles.Butz = — (é) lies inside and z = -3i lies outside the circle |z]| =1
Resides (atZ:—i): lim 1[Z+l]; = lim i; = i
3 zo—3 31 (3z+i)(z+3i) z- -3 3(z+3i) 4i

= 2ni(t) =1
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Q4] C) (1) In a certain manufacturing process 5% of the tools produced turnout
to be defective. Find the probability that in a sample of 40 tools at most 2 will
be defective.

(2)A random variable x has the probability distribution P(X = x), = L 3Cy, X =
8

0,1,2,3.find the moment generating function of x (8)
SOLUTION:-
(1) n =40 p=0.05 f(x) = e_i'zx
e 2.20 e2.21

n=np =40 X 0.05 = 2 use poisson p(at most 2) = p(x < 2) =
e2.22
2!

= 0.675

(2) P(X = x), =~ .3C,, X
P(X=0)=1.3C, =

1

P(X=1) ==.3C, =

1

P(X=2)=3.3C, =
P(X=13) = %.3(33 =
Moment generating function, My(t) = E(e™) = Y p;e™

From above values

M, (t) = %et(O) + get(l) + Zet(z) + %et(3) — %[1 + 365 4 3¢t 4 )] =
S(1+et)?

Mo(t) = == (1 + €%’

=
Uy
N
w

&

(el e ]

RlProlwo|lwo |~ |

Q5] A) Check whether the following matrix is Derogatory or Non- Derogatory

6 -2 2
A=1|-2 3 -1 (6)
2 -1 3
SOLUTION:-
6 -2 2
A=|-2 3 —1]
2 -1 3
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Characteristics equation :
A3—1222+(8+14+14)A-32=0

N=8,2,2

Let us assume (x — 8)(x — 2) = x% — 10x + 16 annihilates A

Now A% — 10A + 16]

6 -2 2 6 -2 2 1 0 0

= [—2 3 —1]—10 -2 3 -1|+16|0 1 0]
2 -1 3 2 -1 3 0 0 1
—-16 0 0 16 0 O 0 0 O

= [ 0 —-16 0 |+]0 16 O |= [0 0 0]
0 0 -—16 0 0 16 0 0 O

x? — 10x + 16 annihilates A thus f(x) is the monic polynomial of lowest degree

minimal polynomial = x? — 10x + 16

Q5] B) In an industry 200 workers employed for a specific job were classified
according to their performance and training received to test independence of

training received and performance. The data are summarized as follows: (6)
Performance Good Not good Total

Trained 100 50 150

Untrained 20 30 50

Total 120 60 200

Use x? — test for independence at 5% level of significance and write your

conclusion.

SOLUTION:-
Null Hypothesis, H, there is no independence
Alternative Hypothesis, H, there is an independence

Calculate of test statistics;
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120X150

Trained and good = =90
200
Untrained and good = 120%30 30
200
Trained and not good = 80X150 — 60
200
untrained and not good = 8030 - 20
200
0] E (0 —E)? (0 —E)?
E
90 100 100 1
30 20 100 5
60 50 100 2
20 30 100 3.33
X=11.33

a = 0.05

Degree of freedom=(r—1)(c—-1) = 2-1)2-1) =1
Critical value = 3.841

x?cal > x%table

Thus Null hypothesis is rejected

There is an independence relationship.

Q5] C) Use the dual simplex method to solve the following L.P.P
Minimize z = 2x; + X,

Subject to 3x; + X5, = 3

4x, +3x, = 6

X1 +2x, <3

X1,X, =0

SOLUTION :-
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Minimize z = 2x; + X,
Subject to 3x; + x5, = 3
41 +3x, = 6

X1 +2x, <3

X1,X, =0

-3x; — X, < =3

4x1 —3x, < — 6

X1 +2x, <3

Introducing stack variables

Z' —2x; — x5, —0s; — 0s, — 0s3
—3%Xy —Xp +51 —0s; —0s3 = —6

X1+2X2+051+OSZ+S3:3

Iterations | Basics Coefficients of RHS
no variables X1 Xy S1 S, S3 Solution
0 z -2 -1 0 0 0 0
S, leaves S1 -3 -1 1 0 0 -3
X, enters S, -4 -3 0 1 0 -6
S3 1 2 0 0 1 3
Ratio: -1/2 -1/3
1 z 2 2 0 -1 0 6
S1 -5/3 0 0 1/3 0 -1
Xy 4/3 1 0 1/3 0 2
S3 -5/3 0 0 -2/3 1 -1
Ratio: -6/5 3/2 0
2 11/3 2 0 -1/3 0 7
S3 leaves S1 0 0 0 1 -1 0
X, enters Xy 0 1 0 3 -4/3 6/5
X4 1 0 0 2/5 -3/5 3/5
3 6
X1 = o) Xy = rE
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Q6] A) Show that the matrix A satisfies Cayley- Hamilton theorem and hence

find A1 (6)
1 3 7
WhereA=14 2 3
1 2 1
We know that,
|[A—All =0
(1 3 7 1 0 O
4 2 3] —7&[0 1 O] =0
1 2 1 0 0 1
[1— A 3 7
4 2—A 3 ] =0
1 2 1-2A

a-MNee-»a-»n-6]-3M40-1)-7]1+78—(2—-M]=0
1=MD[2-2A—-A+2A*—-6]—-3[4—4A=T7]+7[A+6] =0

M —=3A—4+X +302+40+ 1204+ 9+ 71+ 42 =0

B +4N2+100+47=0

The characteristics equation of A is

PA) = A3 +4224+100+47 =0

By cayley-Hamilton theorem, A is satisfies its characteristics equation
So that replace A with A

P(A) = A3+ 4A? +10A+47 =0 ccovvereeeee. (1)

Since |A] =35 # 0 by A™1 is exists.

Multiply equation (1) by A~! we get,
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A™1(A® +4A%> +10A +47) =0

1 3 7
4 2 3|14 2 3
1 2 11 2 1

A2 +4A 4+ 101+ 47A"1 =0

A =

A% + 4A + 101 = —47A71

ATl = —[A% + 4A + 10]]

L 20 23 23 4
Al = = ||15 22 37(+ (16
10 11 14 4

12 28

15 22 37

[1 3 7] [20 23 23
10 11 14

12
4

10 O
0 10
0 O

0 = -
10

31 40 49

34 35 51]
14 19 28

Q6] B) A discrete random variable has the probability density function given

below (6)
X=X -2 -1 0 1 2 3
P(x;) 0.2 k 0.1 2k 0.1 2k
Find K, Mean, Variance.
SOLUTION:-
X = X -2 -1 0 1 2 3
P(x;) 0.2 k 0.1 2k 0.1 2k
XPx) =1
024+k+01+2k+01+2k=1
04+5k=1
5k=1-0.4=0.6
k=22 =0.12

5
X =X ) -1 0 1 2 3
P(x;) 0.2 0.12 0.1 0.24 0.1 0.24
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Mean =
YxP(x;) =(—2x%x0.2)+(—1x0.12) + (0x 0.1) + (1 x 0.24) + (2 x
0.1) + (3 x 0.24)

Mean=—-04—-0.124+0+4+0.24+ 0.2 4+ 0.72 = 0.64
Mean = E(x) = 0.64
E(X?) = [4 x 0.2] + [1 x 0.12] + [0] + [1 x 0.24] + [4 x 0.1] + [3 X 0.24]
E(X?) =2.28
Variance = E(X?) — [E(X)]? = 2.28 — 0.64?> = 2.28 — 0.4096 = 1.8704

Q6] C)Using Kuhn- Tucker conditions solve the following NLPP (8)
Maximize : Z = 2x4 — 7X, + 12x:X,
Subject to : 2x; + 5x, < 98
X1,X2 =0
SOLUTION:-
Maximize : Z = 2x; — 7%, + 12x1X,
Subject to : 2x; + 5x, < 98
X1,X; =0
We rewrite the given problem as:
f(x) = 2x2 — 7x5 + 12x1X;
h(x;x;) = 2x4 + 5%, — 98
Kuhn tucker conditions are:

of Adh of Adh 0
0x4 ax;  0xg oy

Ah(xy,xz) = 0; h(xy,x;) <0, A=0

We get,
4X1 + 12X2 - }\(2) = 0 ...................... (1)
12X1 - 14‘X2 - A(S) = 0 ........................ (2)
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A2%1 +5%, —98) =0 v (3)

2X1 + 5%, —98 <0 v (4)

A=0 e (5)

From (3) we get either A\= 0 or (2x, + 5x, —98) =0
Case 1: A=0 and (2x; + 5x, —98) # 0

From 1 and 2,

4x4 +12x, =0

12x4 — 14x, =0

On solving simultaneously we get x; = x, =0

Case 2:

A+ 0 and 2%, + 5%, — 98 = 0
4x; +12x, —A(2) =0

12x; — 14x, —A(5) =0

12 1-14x,
5

A=

Equation | : 4x; + 12x, — 2 [_12X1_14Xz] —0

5
20x4 + 60x, — 24x; + 28x, =0

—4x, +88x, =0  (divide through by 4)
—X1 +22x, =0

Putx; = 22x, in4

2(22x,) + 5x, = 98

44x, + 5x, = 98

49x, = 98

X, =2

2x1 +10 =98

2x, = 88
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X1 = 44

These values satisfy all conditions,

Zmax = 2(1936) — 7(4) + 12(44)(2) = 4900
Zmax = 4900
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