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Q1] a) Find the Laplace transform of te' sin2t cost (5)
Solution:-
L[sin2t. cost] = L[%{sin3t+sint} = %L[sin3t+sint]
. 1| 3 1
L|sin2t. cost]| = =| 57—+
[sin2t. cost] 2[sz+9 52+1]
. nld]| 3 1 -1 -2s 2s
L[sin2t.cost| = (-1) =—|5—+——| = —|3 -
[ I=C1) 2ds[sz+9 sz+1] 2[ {(sz+9)2} {(sz+1)2}l
. 1| 6s 2s 3s S
L|sin2t. cost] = = + = + = S
[ ] 2[(SZ+9)2 (SZ+1)2 (Sz+9)2 [SZ+1)2 ¢(s)
L[tetsinZt ) cost] = @(s-a)
By first shifting theorem;
L[te'sin2t . cost] = 31 (D) 36D o, (s1)

[(s-1)%+9]°  [(s-1)*+1]° [s°-2s+10)°  [s°-2s+2]°

3(s-1) A (s-1)
[s*-25+10]° [s*-25+2]°

L[tetsinZt . cost] =

S+2
s°(s+3)

Q1] b) Find the inverse Laplace transform of

(5)

Solution:-

s+2 _ A B C
2o ot 2t 3
s"(s+3) S s s+3

s + 2 = As’(s+3) + B(s+3) + Cs’

Puts=0;




2=B(3) => B=

w N

Puts=-3;

-1=C(-3" = C= -

O |-

Comparing coefficient of s” on both sides;

0=A+C

A=<
9

Tl L g 1L'1H REE 1L‘l[i] - 1y«
s*(s+3) 9 |Is] 3 |s] 9 [s+3 9

4|l s+2 =1+2 1 .3
s‘(s#3)] 9 3 9

Q1] c) Determine whether the function f(z) = x°-y’ + 2ixy is analytic and if so

find its derivative

Solution:-

f(z) = x*-y* + 2ixy
u+ivs= (Xz-yz) + i(2xy)
u= (xz-yz) and v = 2xy

Differentiating u & v partiallywrt x & y

<
I

¥
S
<
I

Y
>

CR equation are satisfied
Hence f(z) is analytic.
f(z) = u +iv,. = 2x+i2y

Derivative of f(z) = 2(x+iy) = 2z

(5)




Q1] d) Find the Fourier series for f(x) = e"in the interval (-m,m) (5)
Solution:-

Fourier series for f(x) = e™ in (-mm)

f(x) = e™

fl-x) = e™ = e™ = f(x)

Hence f(x) is an even function and henceb_ =0

X

e, -<x<0
Also, f(x) =1 .
e, O<x<m

a, = l_[’;f(x)dx =1_[Ze'xdx = l[-e'x]g = l[-e'ﬁ-(-l)] = 1[1-e'n]
T T T T T

2 T _ 2 T -X
a, = Ej'of(x)cosnxdx— 1—Tj0e cosnxdx

L= 2 5(-cosnx+nsinnx)| = Z[ € 5{-cosnx+nsinnx}- 1 5(-cos0+nsin0)
m[1+n o T[l4n 1+n 0
_ 2|-e"cosnm+1| _ 2(-e"(-1)"+1)

" m| (1+n) m(1+n%)

1p, ™ 2 [1-e7(-1)"
f(x)= =(1-e )+ = S
(x) T[( e”) T[Z]:l( (1+07) )cosnx

e’ cost

Q2] a) Evaluate | :T dt (6)

Solution:-

cost] o] L. s
L[e - cost] =L orl Sz+1]




- -t - (o)
e - cost 1 2
L. e = [7 s+1 - +1 [ln(s+1)-21n(s +1)]S
- . "
L[ €0t - n(s+1)-2in fs+1)] = [in[-&L)
| te” | 2 s (s° +1) i

1)) ”
= [In (1+ ) ] = ln(l)-ln( (s+1) ) ln( (s+1) )
(1+3) (1)

S

S

[oe “[%O“]dt_ln( (52+1)]

1z

(s+1)
Puts=4
we - cost _ (16+1) B !(17)
Jo e ‘”‘( (@+1) ] ) “‘( @) )
k
Q2] b) Find the Z — transform of f(k) = f(x) = {Bk’ k<0 (6)
2, k=0
Solution:-

Z{f(k)} = 3, 32" + Y, 27"

2
Z{f(K)} =Y 3"z + {1+Z+(z) Foreerinns ] [ put =k = n in 1% series]
- z 'z

7{£(K)} = {§+ (%)1(%)1} . {1+§+(§)2+ .......... }

200} = 2fueZe(2 ]+ L - E(L]+ 1,

(k) = 2+ 2 = 2z2)z(37) 2’-22+32-7"
3z z-2 (3-2)(z2)  (3-2)(z2)

z{f(k)} = G- )( 2




Q2] c) Show that the function u = 2x(1 - y) is a harmonic function . Find its

harmonic conjugate and corresponding analytic function (8)
Solution:-

u = 2X- 2xy

u =2-2y u, = -2x

w=0 ui =0

ui + ui = 0 laplace equation is satisfied
U is harmonic

u = @,(xy)=2-2y

u, = @ (xy) =-2x

¢,(z0) =2-2(0) = 2

®,(z0) = -2z

By Milne Thompsons method;
ZZ
f(z) = fu-iudz = [2-i(-2z)dz = 2[(1+z)dz = 2[“5]

f(z) =2z + 2°

u+iv = 2(x+iy) + (x+iy)®
u+iv = 2x + 2iy + xz-y2 + 2ixy
On comparing imaginary part,

Vv = 2y + 2xy

v = 2y(1+x)




Q3] a) Find the equation of the line of regression of y on x for the following

data (6)
X 10 12 13 16 17 20 25
Y 19 22 24 27 29 33 37
Solution:-
X Y X Y? XY
10 19 100 361 190
12 22 144 484 264
13 24 169 576 312
16 27 256 729 432
17 29 289 841 493
20 33 400 1089 660
25 37 625 1369 925
X =113 181 1983 5449 3276

$X=113; SY=181; YX°=1983; SY’=5449; TXY=3276
HereN=7

Line of regressionyonx => y=a+ bx

The normal equation are:

Yy =Na+ bdx; 181 =7a+113b
Sxy = Sx + b3x’;

On solving simultaneously;

3276 =113a + 1983b

a=-10.1304 and b=2.2293

line of regression;;yonx => y= -10.1304 + 2.2293b




Q3] b) Find the bilinear transformation whichmapsz=2,1,0ontow=1,0, i

(6)
Solution:-

Let the transformation be w = aztb . (2)
cz+d

Putting the given values of z & w we get 1 = Za+b 0= a+b ii= g

2c+a’ c+d

From third we get b = di

From second we geta = -b =di
2c+2d=2a+b
Weget2c +d = -2di + di

2c= -di-d

(i+1)d

c= -——

2
Hence from 1; we get
_ -diz+di _ 2(-iz+i)

®= {%% L D2

_ _2(z-1)
= [ei)z+2i

Q3] c) Obtain the expansion of f(x) = x(m-x), 0 < x < Tt as a half range cosine
2

. - _1 n+1 T
series. Hence show that Y % = — (8)
n 12
Solution:-
Cosine series
f(x) = a, + Ya,cosnx
2 3| 2 3 2

a = l_[”ﬂx-xzdx e xp _lm )y _mo (1)

0 o n[ 2 3], w2 3 6




a = ZIE(T[X-XZ)COSHXdX
T

a = g[(nx-x )sm(nx) (-2 )( cosnx) (2)( sm(nx))
L n

[0_1Tcozsn+0}_ {0+ncos§1(0)]+0 _

n n

0

(1) ml el

n

2
a =—
T s

2 n
fx)= *- 25" ('1)2+1cosnx
6 "= n

2 n
x(m-x) = % =237 (_1r)lz+1cosnx

Putx=0

2 n
=T _2y” (_1)2+1cosnx
6 "1 n

2 n
T o (-1)"+1
_Z - - 22n=1 n2
L (-1)"+1
127 B

Q4] a) Find the inverse Laplace Transform by using convolution theorem

1

(s’+1)(s°+9) ©
Solution:-

Let ¢, (s) = (Szil) and @,(s) = (5219)

L'[e,(9)] = L'l[(szil)] = sint

Lo,0) = 1| g5 ] = 3sin3t

1 1 ] a1,
L [mm = J'Osmu.gsm3(1-u)du




ﬁ(sz—f@) = —%_[Lcos[(1—3)u+3t]-cos[(4u—3t)]du

1 1 ]_1
1) (549) = -gj':)cos(3t-2u)-cos(4u-3t)du
1 I S S B |

sin(3t-2u) sin(4u-3t)
|(s*+1)'(s>+9) ] 6

-2 4

1

6

t

-sint_sint [-sin3t sin(-3t)
2 4 2 4

0

sin3t_ sin3t_sint_ sint
2 4 2 4

L—l[L 1 ] _1
(s°+1) (s*+9) 6

Lt 1 1 _ _1|2sin3t-sin3t 2sint-sint
(s°+1)'(s°+9) | 6 4 4
) 1 1 1 . .
L 1[(sz+1)'m = ﬁ[?)smt-sm?)t]

Q4] b) Calculate the coefficient of correlation between Price and Demand (6)
Price 2, 3, 4 7, 4

Demand 8 7, 3, 1, 1.

Solution:-
2 2
X v X \4 Xy
2 8 4 64 16
3 7 9 49 21
4 3 16 9 12
7 1 49 1 7
4 1 16 1 4
SN =5; 20 20 94 124 60
N 5




= -0.8058

r=

Exy—m 60- 400

n a 5
0 00\ [5,2.09°)  [[94.400)(;54.400
ﬂi"' h )(zy n ) ﬂ% 5 )(124 5)

Q4] c) Find the inverse Z- transform for the following: (8)
y/ 1
—, |z| <5 2.——, |z|>1
= I o
Solution:-
1. % |z| < 5
Z 5[1-5] -Z[1+[Z)+ (Z)2+ ......... ]
5(1-2) 5[ 5 5 5 5
2 3
- ZI (2] 412
ENEEEE
Coefficientofz" = -5"
Put n = -k ;n=1
7%= -5% ;k<-1
7' [F(2)] k <-1
1
2. m B |Z| >1
2
11 = 1[1 %] = %[1+2[%)+3(%) + ]
2 2 Z Z
Z (1-;)
= [lz+£3+ %+.. (n-nl)
Z Z VA Z

Coefficientofz" =n-1 ; n=2




Putn=k
z7%=k-1 ; k=2

z'[f(z)] =k-1;k =2

Q5] a) Find the Laplace transform of e 'sint H(t - Tt)

Solution:-

Here f(t) =e'sint and a= T

-(m)

flt+m)=e  Psin(t+m) = -e Tsint = -e™.e®

sint

L[f(t+m)] = L[-e™.e“sint] = -e™L[e “sint] = -e'“[ 1 ]

(6)

(s+1)°+1
: - -Ts —n; - -mi(s+1) ;
L[f(t+m)H(t-1)] et g e ST
[ ] } -mi(s+1)
Lle"sint H(t-m)| =
e sint H(t-m) 217512
Q5] b) Show that the set of functions {sinx, sin3x, sin5x, ......} is orthogonal

over [0,t/2] . Hence construct orthogonal set of functions.

Solution:-

We have f (x) = sin (nx)

_[g/zfm(x).fn(x)dx _[g/zsin mx. sin nx dx

[, (x).£,(x)dx = - % [™sin(m+n)x-sin(m-n)x dx

0

/2

/2 __1]|-cos(m+n)x ]-cos(m-n)x
j'o f (x).f (x)dx = 2[ () [ (mn) }

0

1[cos(m+n)x_cos(m-n)x |"*

2] (m+n) (m-n)

[T, (0.f ()dx =

0

(6)




Now two cases arises;

1. m #n
cos(m-n)m
form=n

/2

w21-cos2(2n+1)x _1
0 2 2

X_sin2(2n+1)x
2(2n+1)

jg/zsin2(2n+ 1)dx=(

0

1
2

/2
E-0-{0-0)] =T 20
2 . 4

[ f (f (x)dx= 0 ifm#n
o f (x)f (x)dx#0 if m=n

given set of functions is orthogonal in [O,E]
2

[7°18,00Tdx = 7

Divide by % on both sides;

21 ()1 dx =
T

RS
13

2

ie. jg%ﬁfn(x). f,(0dx =1

this is orthonormal set, ¢ _(x) = Jlﬁsin (2n+1)x

dt
andy’(0) =2 (8)

2
Q5] c) Solve using Laplace transform % + 2@ +y = 3te’, given that y(0) = 4

Solution:-

letL(y)= vy

Taking laplace transform on both sides




L(y) + 2L(y) + L(y) = L(3te)
But, L(yl) = Sly -y(0) = S.y -4

L(y) = Sy-Sy(0)-y(0) = S’y-4s-2

o 1

L(e )' m
el - 2] e
ds{s+1 (s+1)

The equation becomes,

(szy-4s-2) + 2(sy-4) + y =3. 1 5
(s+1)
(s*-4s-2)y -4s-10 = G +31)2
(s+1)'y =4s+10 + —>—
(s+1)
yo 3, 4s+10
(s+1)*  (s+1)°
yo 3, 4s+10, 6
(s+1)"  (s+1)°  (s+1)’
3 4 6
y

= .+ + 5
(s+1) (s+1) (s+1)

Take inverse on both sides

eyl e
(s+1) s+1 (s+1)

_ ot -t -t
y = 3e .§+4e + 6et

Q6] a) Find the complex form of Fourier series for f(x) = 3xin (0, 2m)

Solution:-

fx) = Y. C.e™

(6)




_ 1 2T inx _ 1 2T inx _ 3 2T inx
C = %j'o f(x)e™dx = %j'o 3xe"dx = ﬂjo xe " dx
_ 3 Xe-inx e-inx ZTI_ 3 _Zﬂe-inx e-inZn 1 _ 3
nE ool 2| Ton Tt T\ 03| T -
2m| -in (-in)" [, 2m| in n n in
c=-3123L 140
in i n
C,=3m

0
fx)= C,+ Y. Ce™

f(x) = 3m + 3iY__e™/n

Q6] b) If f(z) is an analytic function with constant modulus then, prove that f(z)
is constant (6)

Solution:-

Letf(z) =u +iv

But [f(z)] =C

|u+iv| =C

w+vi=C

Differentiate it partially wrt xand y
uu +vv, =0

uu, +vv, =0

f(z) is analytic,u, = u, and u,= -v,

uu -vv, = 0anduu, +vv, =0

uu,
uu =vu, => u,=
X y y v

u(u‘ljx] +vu =0 => (u2+v2)ux =0

Eliminating u,; (u2 + vz) u =0




Cu,=0 => u =0

Similarly we can prove that
u=v,=v,=0

f(z) is analytic

f(z)= U_+iV =0

As derivative of constant function is 0

Hence f(z) is constant.

Q6] c) Fit a circle of the formy = ax’ to the following data (8)
X 1 2 3 4

y 2.5 8 19 50
Solution:-

Taking log on both sides of y = ax’
logy = log a + blogx

let logy =Y,loga=A;b=B;logx =X

X y X =logx Y=logy XY X
1 2.5 0 0.3979 0 0

2 8 0.3010 0.9031 0.2718 0.0906
3 19 0.4771 1.2788 0.6101 0.2276
4 50 0.6020 1.6990 1.0228 0.3624
SN=4 1.3801 4.2788 1.9047 0.6806

Putting values in above equations:
4.2788 = 4A + B(1.3801)

1.9047 = (1.3801)A + B(0.6806)




Solving simultaneously;
A=0.3466; B=2.09
A=loga=> a=2.22

y = 2.22x"%




