MATHEMATICS SOLUTION
CBCGS (DEC —2019) SEM -3
BRANCH - COMPUTER ENGINEERING

QL. a) If L{t sinwt} = (2&
S

ek Find L{wtcostwt + sinwt} [5]

Soln.: L{wtcostwt + sinwt}
L{wtcoswt} + L{sin wt}
o L{tcoswt} + L{sinwt} - (i)

Finding L{tcoswt};

S

s2+w?

L[cos wt] =

Ltcos wt] = d ( s ) _ s’

ds \s2+w? s2+w?

1
s2+w?

L[sin wt] =
Substituting in (i), we get;
L{wtcostwt + sinwt} = 05—

Q1. b) If f(z) = (x? + axy + by?) + i(cx? + dxy + y?) is analytic, find a, b, c and d. [5]

Soln.: We have f(z) = u +ivand u = (x? + axy + by?);v = (cx? + dxy + y?)

S Uy = 2X +ay uy = ax + 2by
vy = 2cx + dy vy = dx+ 2y

By CR equation,

Uy = vy

2x+ay = dx+ 2y
On comparing the coefficients,
a=2andd =2

Also, Uy = —Vy




ax + 2by = —(2cx + dy)

2x + 2by = —2cx — 4y

On comparing the coefficients,
c=—-landb=-2
Ans:a=2,b=-2,c=—-1andd =2

Q1. ¢) Find the Fourier series of expansion of f(x) = x3 (—m, 1) [5]
Soln. : f(x) = x3 is an odd function as f(x) = f(—x) = —f(x)

Therefore in the range (—m, m),a, =a; =0

oo by = %f; f(x) sin(nx) dx

b, = %foﬂ x3 sin(nx) dx

b = e (-2 e (22 (2 - o)

b= 2 (-52) < o (2 on (=) o (2) -0 0400

)

b2 () 6(2)

by = (—1)"[2 - 21

Fourier series for the given function is given as: f(x) =

12 2n?

f(x) = Z (—1)"[———]sinnx
x=1

n3 n

X=00 :
%=1 bp sin nx




Q1. d) If the two regression equations are 4x — 5y + 33 = 0,20x — 9y — 107 = 0. Find:

)] The mean values of x and y
i) The Correlation Coefficient
i)  Standard Deviation of y if variance of x is 9 [5]
Soln.:
) Solving the equations simultaneously,
4x — 5y = —33
20x — 9y = 107

We get x= 13 and y=17

i) Suppose the second equation represents the line of regression of X on Y

20x = 9y + 107

b 9

Xy = 20

Suppose the first equation represents the line of regression of X on Y

Sy =4x+ 33
4
-"byx = =
9 4
r=1/bxy-byx= 53=06

i) by =1t

g =0 6(%) [Standard devn = v/'variance]

o, =4
Q2. a) Show that the function is harmonic and find the harmonic conjugate. [6]

u = cosx coshy — 2xy

Soln.: Given: u = cosx coshy — 2xy
Partially double differentiating wrt x and y.

uy = —coshysinx — 2y

uZ = —coshycosx

u, = cosxsinhy — 2x

2:

Uy

cos x coshy




By Laplace’s equation,

ug+uy =0

— coshycosx + cosxcoshy = 0 = RHS
Thus, the function is harmonic

— Juydx = — [ (cosxsinhy — 2x)dx

= -sin xsinh y + x2

Integrating terms in u, free from x

J =2y dy = —y?

. v=sinxsinhy +x?2 —y2 +¢

Q2. b) Evaluate f0°° e Y( fJ u? sinh u cosh udu)dt using Laplace Transform [6]

2

Soln.: L[sinhucoshu] = 52_22]

N =

[2 sinhucoshu] = %L[sinh 2u] = % [

2
L[u? sinhucoshu] = % (

d (_ 2s ) _ 2(3s%+4)

ds s2—4)  (s2-4)3

1
s2—4

)

2(s%+4)
s(s2—4)3

L [fot u? sinh u cosh udu] =

2(3s%+4)
s(s2—4)3

[P amste (Y2 o =
= J, e7%%(J, u? sinhu cosh udu)dt =
Put s=1, we get

23+4) 14

0 t
j; e_t(j; u? sinh u cosh udu)dt = -2 27




X; —1<x<0

Q2. ¢) Find the Fourier Series expansion of f(x) = {X 12:0<x<1 [8]
Soln.: Fourier series for f(x) is given by:
- nnx - m[x
f(x) =ap + Z ancos Z sm
a0 = = 1 f00dx = 2 [[°, (x + 2)dx + f) xdx]
_1 x2+4x\ o ﬁ 1
do = 2[( 2 )—1+(2)0]
1 3 1
2 =3[(0+3)+ ()] =1
—f f(x)cos(—)dx = f_ol(x + 2)cos(nmx)dx + fol xcos(nmx)dx]
(x+2) 2( ) 1( )
=1 [( — sin nmx + C:ZS;:X )_01 + (— sinnmx + COZS;TX ) 0]
_ 2 2 1)n R [
an_l[(0+n2n2_0_n2n) (0+ O_nznz)]_o
= —f f(x)sm(m)dx = f_ol(x + 2)sin(nmx)dx + fol xsin(nmx)dx]
(x+2) 2( ) 1( )
b, =1 [( - cosnnx+#::x)_l + (——cosnnx+ %)0]
_ " " _ 2
by = 1|(— -0+ - 0)+ (-5 -0)] = -
Substituting the values in expansion,
2 1 nmx
f(X) =1 E Z HSIH (T)
n=1
Q3.a) Find the Analytic function f(z)=u+iv if u — v = e*(cosy — siny) [6]

Soln.: Let U =u —v = e*(cosy — siny)
Uy = e*(cosy — siny) = ¢p1(x)
U, = e¥(—siny — cosy) = —e*(siny + cosy) = $p2(x)

. (1+Df'(2) = Uy — iU, = ¢1(z,0) — ih2(z, 0)




L (14 Df(z) = [[e* +ie?]ldz= (1+1) [e*dz= (1 +i)e* + C
s f(z)=e*+C

Q3.b) Find Inverse Z transform of @z-fﬁ % <l|z| <3
Soln.: We have, F(Z) = &Z_fﬁ
Applying Partial fractions;
yA A B
22—-1D@z-3) 22-172-3
VA _A(Z—3)+B(22—1)

2z—-1(z-3)  (2z-1)(z-3)
Comparing the coefficients on both the sides,
1=A+2Band0=3A+B

Solving the equations simultaneously,

A=-ZandB=:3
5 5

5z _ 3 1
2z-1)(z-3) 1z—-3 2z-1

5z _ 3 1
22— 1)(z-3) |z-3 1
2z—-1D(z-3) |z 22— )

5z _ __ 3 B 1
2z-1)(z-3) 3(1 —%) 22(1 _%)

5z 1 1

2z-D(z-3) -9 20—k

5 -1 1\ !
(22—1)2(2—3):I_(1_§) -5 (1-%) l

[6]




> =I—<1+E+i+---+(E)n>—i(1+i+i+

(2z—1)(z—3) 3 9 3 2z 2z 4z2
Coefficient of z" in first series = —3

Put n=-k

z7k=-3 k > =0
Coefficient of z™" in second series = zin

Put n=k

2% = k>=0

Z-1F(Z)] = -3+ ik;k >=0
2

+%)]

Q3. ¢) Solve the differential equation using Laplace Transform:

(D2 -2D+ 1)y =-¢e'y(0) =2andy’(0) = -1

Soln.: Let L(y) =y, then taking Laplace transform on both sides,
L(y") — 2L(y") + L(y) = L(e")
But L(y') = sy —y(0) = sy —2
and L(y'") = sy —sy(0) —y'(0) =s?y —2s+ 1
(Y
and L(e') = =

.. the equation becomes,

|-

SZ§/—25+1—2(S}7—2)+§/=S

R

:>szy—25+1—25y+4+y=£

=y(s?2—2s+1) =$+Zs—5 = y(s—1)2 =i+25—5
—r_ 1 2s _ 5
=Y T ez T -0 1
- _ 1 2s _ 5
=Y T e T2 -1
- _e't? (s—1) 1 1 s - _e't? 1 11 s
=Y =7 +2 [(5—1)2 t (s—1)2] (s—1)2 =Yy=7 +2 [(5—1) t (s—1)2] (s—1)2




ettz 3€t ﬁ t _ t
o2 = 2 + 2[et] — 3te

t t ty2
Ans : —+ 2[et] —z=>5t 2[et] — 3tet

Q4. a) Find the Complex form of Fourier Series for f(x)= cos ax ; (-m,m) [6]
Soln.: We have cos ax = (e?* + e™3X) / 2

Complex form of f(x) is given by f(x) = ¥%, C, '™

For e?x:
_ 1 m —inx _ 1 T aix_—inx
Cph = J_ f)e™™dx = — [ e* e ™ dx

2T

1 e(ai—in)x T 1 . . o
— ealT[e—lnX _ e—alT[elnT[
a—in [—-m 2m(ai—in) ( )

We know el"™ = (—1)

1 . . (=" : :
C. = edlm(_1)n _ g-aim(_1)n) = edim _ gq—aim
n Zn(ai—in)( (=1) (=1") 21T(ai—in)( )
Multiply and divide by 2,
N e i W G L N (GO L
N ™ r(ai—in) ( 2 ) " m(ai-in) (sinhaim) = t(ai—in) Sinat
=Dt . ai+in _ i(-1)"(ai+in) . _ (=D"a+n)
n T oy o AT aikin | m(-azen?) O AN T Tpazopz) AT

Similarly for e=2%, we get

cosax = (e?* + e™3X) / 2




inx

sin am (-D"a+n) . N sin am (-1)™*(a—n)
2m (a2 —n?) 2n L (a* —n?) ¢

Cosax =

[oe]
3 — n
asinam (-1) inx

s.cosax =
11 (a2 — n?)
—00

Q4. b) Find the Spearman’s Rank correlation coefficient between X and Y. [6]
X 68 64 75 50 64 80 75 40 55 64
Y 62 58 68 45 81 60 68 48 50 70
Soln.:
Sr No. X R1 Y R2 D = (R1 —R2)"2
1 68 7 62 6 1
2 64 5 58 4 1
3 75 8.5 68 7.5 1
4 50 2 45 1 1
5 64 5 81 10 25
6 80 8.5 60 5 12.25
7 75 10 68 7.5 6.25
8 40 1 48 2 1
9 55 3 50 3 0
10 64 5 70 9 16
N=10 >'=64.5

m1=3, m2=2 and m3=3
1 1 1
6 [ZDZ + 5 (M1 — m1) + 75 (m2® — m2) + 7 (m33 — ms)]

R=1-
N3 —N

6 [64.5 + 11—2 (24) + 11—2 (6) + 11—2 (6)]

R=1 990

Ans : R = 0.9327




Q4.c) Find the inverse Laplace transform of

. s—1 e e TS
i) sZ+2s+2 ii) sZ(s2+1)
Soln.:
- -1 s—1 ] — -1 [(S+1)—1]
I) L [sz+25+2 L (s+1)2+1
—1-1 [ (S+1) _ 1 ]
- (s+1)2+1  (s+1)2+1
Y O 1]
el [(s)2+1 (s)2+1

==e Y cost —sint]

ii) L1 [SZZ’ST“H)]

Here ¢(s) = @ anda=T1
_ _ 1
AL G)] = L ]

Applying convolution theorem,

1
s2+1

Let Dy(s) = 5 P,(s) =
s LT (s)] =t L Hd,(s)] = sint
~LHo(s)] = fot sint . (t—u)du

i e _ 2
=sint [tu > ] o = sint(t 2)

e—T[S

s2(s2+1)

oLt [ = f(t—a)H(t—a)

Ans: L1 [ = sin(t — m) [(t - m)? -

e—T[S
s2(s% + 1)]

(t—m)?

> H(t —m)

[8]




Q5. a) Find the Z{f(k)} = 4%, k < 0 [6]
= 3kk>0

Soln.: By definition Z{f(k)} = ¥ _., f(k)z ¢

IR} = YRl 4k TR+ ¥ 3Kz

Putting k = -n in the first series, we get

Z{f(K)} = i A i 3ky Kk
=0

k=—o0 k

Z{f(k)} = [4+E+ l+[1+§+i—2+---l

32
Z{f(k)}——[1+4+42 l [1+ ++ l

TOMES NES

ROCis3<|z|<4

Q5.b) Show that {cos x, cos 2x, cos 3x, ... } is orthogonal set over the interval [0,27]. Construct
the corresponding orthonormal set. [6]

Soln.: We have f,(x) = cosnx;n = 1,2,3

Therefore, f_nn fr Of, () dx = f_nn cos m X. cos nxdx

sin(m+n)x+sin(m—n) I

:% f_nn cos(m + n) x + cos(m — n) xdx :%[

m+n m-n -
Now two cases arises:
i When men: 1 [{sin(m+n)x n sin(m—n)} _ {_ sin(m+n)m _ sin(m—n)n}] —0
2 m+n m-—n m+n m-—n

T 1+cos2nx

i) Whenm=n: [”_cos?nxdx = [

- 2

dx

[ +Sm2“X]_ﬂ = 2[m+0+m—0]=m#0

TC

Therefore the functions are orthogonal in [-7,7]




f [fx)]?dx=mn
Dividing the equation by =,
=0 Ff00. =f(ddx = 1

This is obviously an orthonormal set where ¢(x) = \/%cos nx

. -1 1 1
Thus the required orthonormal set is 7= COSX, =cos 2x, —=cos 3X, ...

Q5. ¢) Find the bilinear transformation which maps the points z= 1, i, -1 into the points w = i,
0, -i. Hence find the image of |z|<1 [8]

az+b

Soln.: Let the transformation be w =
cz+d

Putting the given values of z and w, we get,

at+b, | _ ai+tb | __ —a+b

c+d’ =~ ci+d’ T —c+d

i=
From these equalities, we get,
(a+b) - i(c+d) =0 -----(2) b+ia=0 ----- (3)
(-a-b) + i(-c+d) = 0 -----(4)

From 2 and 4 we get c=b/i

Subtracting 4 from 2, we get 2a — 2id =0. ..d=-ia

Putting the values b=-ia, c=-a and d=-ia in (1) we get,

az—ia __ z-i

—az—ia —z—i

w = E is the required bilinear transformation.
Witwz=i-z

w-i=-z(1+w)

Further, |z| < 1 is mapped onto the region

|i(1—w) <1

1+w
1w < [1+w] [li[=1]

|(1-u)-iv| < |[(1+u)+iv]




SA=—wi+vi< (1 +u)? +v?

-4u<0 = u>0

Q6. a) Fit a straight line to the given data [6]
X 10 12 15 23 20
Y 14 17 23 25 21
Soln.:
X y X2 Xy
10 14 100 140
12 17 144 204
15 23 225 345
23 25 529 575
20 31 400 620
3 x=80 Yy=110 Y x% = 1398 > xy=1884
Let the equation be y=a+bx
The normal equations are
Yy = Na + bXx ..110=5a+80b
And Ixy = a¥x + bIx? .. 1884=80a+1398b
Solving the equations simultaneously,
a=306/59 and b=62/59
Q6.b) Find the Inverse Laplace Transform using convolution theorem [6]

Soln.: Let ®,(s) = i ; Dy(s) =

s LT (s)] = e73t; LY d,(s)] = e?tL? [S%] et

1

(s—2)3(s+3)

1
(s-2)3

2




2
SL ()] = fyede2tw o qy

= fot e(Zt_Su).¥du
[SE () - - w (5) + ()l
[lo-0- (G- {5 E)-06) + Gl =1 (5 + 15+ 5+ 33

Ans: o2t t2 . t 1 et
ns: —t—t—|-—==
s:€ 25 Y125) 125

Q6.¢) Find Half Range Cosine Series for f(x)=sin x in (0,7) and hence deduce that  [8]
-8 1 N 1 N 1 A
16  12.32 32,52 52,72

Soln.: Let f(x) = ay + X a, cosnx

00 = 70008 = e = - cosx];

vag=——[-1-1]=2

ap = %[fon f(x) cos nx dx| = %[fo1T sin x cos nx dx]

a, = %[fonsin(l +n)x + sin(1 — n) x |dx

_1 [— cos(1+n)T __cos(1-mm (_L_ L)]
= 2T @ 1-n 1+n  1-n
1[cosnmt cosnm 1 1
= nlm e (E E)]
_1[(=D (2 ] _ N
dn = m L(1+n) (n2—1) n2-1 n(nz 1) [( D"+ 1]

=0ifnisoddandnisnot=1
. - 4 f .
.dp = —Tt(nz—l) 1Irnis even

. Ifn=1, we get

2 T, 1T, _1[ cos2x|n
a; == [, sinxcosxdx = —[J sm2xdx-n[ —= ]0







