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Q1.a) Find the Laplace transform of e tcost [5]

= ZS ['.'L[cos at]= ZS 2}
s“+1 s“+a

s+1 S(ZS)
(s"+1)°

L[tcost [ > +1 l [ l
(s +1) (s +1)

(s+2)*-1
((s+2)*+1)°

Sol : L[cos t]

L[t cos t = (- )[ [Bygrule of differentiation]
\%

{L[e™f(t)]= D(s+a) }

=>L[e'2tt cos t] =
s’+4s-3
(sz+45+5)2

s’ +4s-3 ]
(sz+43+5)2

>L[e™tcost] = [

Ans :L[e'Ztt cos t] =

s+7
s%-2s-3

[5]

Q1.b) Find the inverse Laplace transform of

Sol : Adjusting the numerator and denominator

3(s-1)+10
(s-1)°-2?

Splitting the terms;

=>3L'1[—(S'P |+ 100 —L 2]
(s-1)>-2 (s-1)>-2

1
7 2
S_

{~®(s+a)= e™L[f(t)]}

:>3etL'1[ 2522] +10e'L?
S -

=3e'cosh 2t + Eetsinh 2t {L[ Zs 2]-cosh at, L[ L ] 1sinh at}
2 s’-a s’-a’| a

=e'(3cosh 2t+5sinh 2t)




3s+7
s%-2s-3

Ans :L'l[

] = e'(3cosh 2t+5sinh 2t)

Q1.c) Determine whether the function f(z) = (x’+3xy’-3x) + i(3x’y - y" + 3y)

is analytic and if so, find its derivative.

Sol : Given f(z) = (x3+3xy2-3x) +i(3x°y -y’ + 3y)
Comparing real and imaginary parts, we get
u= (X3+3xy2-3x) V= (3)(2y-y3 + 3y)

Differentiating u partially w.r.t xand y,

u = 3x2+3y2-3 ; U, = 6xy

Differentiating v partially w.r.t xand y,

VX:6xy;Vy:3x2-3y2+3

> CR equations are not satisfied

[5]

fu # vy;u,# -v}

Therefore the function is not analytic and thus its derivative does not exists.

Q1.d) Find the Fourier series for f(x) = x” in the interval (-, )

5]

Sol : f(x) = x” is an even function as f(-x) = (-x)? = x° = f(x)

Fourier transform for even function is given by :

_ o
f(x) = a, + ¥ a,cosnx

1
>a, = %J'Of(x)dx

3
X

310

>a = lj“xzdx i
0 T

2

T
=>30:§

=a_ = ZJ‘“f(x)cos nxdx
T 0

2w 2
=a, = =['x"cos nxdx
T[ 0

m 1
:>_
31

(r°-0)




2

sin nx

-COS nx -sin nx | [TT

ian =

TT

d

=a,

il

n

2

Tt
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=a =
n

Tt

COoS N1

2
n

3
n

Rk

[O-Zn('conﬁ]+o}-{o-0+o}]

)

0

4
—=a :—2
n

n

m. (-1)" {:cos nm=(-1)"n}

Resubstituting the values in (i)

2 (o]
Ans :x° % + 42 (-1)"
n=1

CoS nx
2
n

3m
dt=—
4

sin 2t+sin 3t

te'

Q2.a) Evaluate j‘:[ [6]

|

Sol : LHS:

L(sin 2t+sin St) =

:m(
-
-
-

(sin 2t+sin 3t)
SL|l————

e

On Putting s=1,

e

sin 2t+sin 3t)

J

(0]

sin 2t+sin 3t) S

2 s

o s 3]

:{tan-l (o) tan” (c0)}- {t (E)t (g]} ]

55 (e (51

o fan (5 )]
{3}

Jrer )]

J

sin 2t+sin 3t)

t )

sin 2t+sin 3t) T T S

J

J

sin 2t+sin 3t

]=

-st
“e”'L

0

1

- {tan'1 (
2

1

3

sin 2t+sin 3t
t

-t
“e'L =

0




J-ooe-tL

0

(sin 2t+sin Bt] _

. - tan” [ 23 ['.'tan'1 A+tan” B=tan™ ( A+B )}

1-AB

3m
| 4

=RHS

Hence proved.

Ik
Q2.b) Find the Z-transform of {(i) } [6]

k

(1];kzo

4
k

(1];k<0

4

The equation can be expressed as : Zf’;F(z).z'k
P ) R | L

-nfy) )

aRoRARGIREERERE

. e . a
The above two series are sum of infinite GP whose sum is given as: 1r
T

Sol : F(Z) =

Where a = 1* term, r is the common ratio between the terms.

RN CERAC

Z

<1and <1

47




Ans :Z{f(k)} = (i) 15 1

Q2.c) Show that the function v = e*(x siny+y cos y) is harmonic function. Find
its harmonic conjugate and corresponding analytic function. [8]

Sol : v = e'(x siny+y cos y)
v=exsiny + e'ycosy
Differentiating partially wrt. x and y twice,
v, = e'(xsiny+ycosy) + 'siny
v,=e (xcos y+Cos y-y sin y)
sz = ex(xsin y+ycos y) +e'siny +esiny - (i)
v, = ex(-xsin y-sin y-sin y-ycos y) ————— (ii)
y

Adding equationsiandii;

Therefore, v satisfies Laplace equation and thus v is harmonic.
v, = e'(xsiny+ycosy) + 'siny

¥ (z0)=0

v, = e'(xcos y+cos y-y siny)

Y (z0) =e'(z+ 1)

=>f(z) = ¥, (z,0)+i¥,(z,0)

f(z) = [e’(z+1) dz

= Zze

Ans :f(z) = ze’




Q3.a) From 8 observations the following results were obtained :
¥x = 59;Ty = 40;Zx" = 524; Ty’ = 256;Zxy = 364

Find the equation of line of regression of x on y and the coefficient of
correlation.

Sol : X=5—9=7.375;Y=@=5
8 8

Coefficient of regression of yon x :

ZXY—ZXZY
=b = N
x 2
y T (ZX)
N
364_(59)(40)
:}b = —8
X 2
" 524 (89
8
~b,, = 0.7764
Coefficient of regression of xony :
ny-ZXZy
ﬁb = —N
v gy ()
N
364_(59{8(40)
=b, =

X (202
LT CUE
8

~b,, = 1.2321
Equation of line of regression of x on y is given by
X-X =b,(Y-Y)
=X-7.375 =1.2321(Y-5)

=X = 1.2321(Y- 5) +7.375
=X = 1.2321Y + 1.2145

r= [bxy.byX

r=_/(1.2321)(0.7764)

[6]




r=0.9781
Ans: X =1.2321Y + 1.2145
r =0.9781

Q3.b) Find the bilinear transformation which maps the points z=-1, 0, 1 onto

the plane w=-1, -i, 1

[6]

Sol : Let z=-1, 0, 1 be the points in the z-plane with the images w=-1, -I, 1 in the w plane.

The bilinear transformation is given by,
(w-w ) (w,w,) _ (z2,)(z2)
W, W) (W, W) (7,2,)(7,2)

_ w1)(-i-1) _ (z+1)(0-1)
(-1+i)(1-w)  (-1-0)(1-z)

=>(w+1)(-i-1) _ (z+1)
(1-w)(-1+1)) (1-2)

:-(w+1)(i+1) _ (z+1) =>(w+1)(i+1) _ (z+1)
((w-1)(-1+) ~ -(z-1) -(w-1)(1-)  -(z-1)

:>(W+1)(i+1) _ (z+1)
(w-1)(1-)  (z-1)

:>(w+1)(i+1) (1+i) _ (z+D)
(w-1)(1-) (1+) = (z-1)

_ (w+1)(i+1)? _ (z+1)
(w-1)(1%1) ~ (z-1)

_ (w+1)(-1+2i+1) _ (z+1)
(w-1)(2) (z-1)

N (w+1)i _ (z+1)

(w-1) = (z-1)
(w+1) _ (z+1)
(w-1) * (iz-i)

Applying componendo — dividendo;

- (w+1)+(w-1) _ (z+1)+(iz-i)
(w+1)-(w-1)  (z+1)-(iz-i)

(Rationalising)




2w _ z+1+iz-i
2 z+1-iz+i

_ z(1+i)+(1-i)

=>w
z(1-1)+(1+i)
z—((11+.i))+1
-i
SW = ——
o)
(1-1)
From above steps(rationalising eqn i we know (1 +i)/(1-i) = i)
zi+1
W= ——
Z+i

zi+1
Z+i

Ans : Therefore, the required transformation, w =

Q3.c) Obtain half — range cosine series for f(x) = (x-1)?in0 <x < 1.
Hence find Zlelz 8]
n

Sol: f(x) = (x-1)’in0<x<1

~The half range cosine series or f(x) is given as:

[oe]

f(x) = a, + Zancos nx

n=1
1 1
a, = Ij()()(-l)zdx

1
0

(-1)?

=a, =1 3

L—
U
QO

n
W=

1
a = %J- (x-1)%cos nmtxdx
0

- _ _ B :
a, =2 (x-l)Z(M]-z(x-ﬂ( =5 “2"‘)+z( Slf;n;fX)

- n nm n'm 0

- . | :
a = 2 (X-l)z(m]"‘z(X'l)(COSZH?X)-Z(Smgn?X)

i nT n°m o




Q4.a) Find the inverse Laplace transform by using convolution theorem
1
(SZ+a2) (SZ+b2)

[6]
Sol : L'l[q)l(s)] = L-l[(sz+az] = %sin at

=sin bt

R b)]

L'[9(s)] =

J' 1sm au. tl)sm b(t-u)du

[( “+a’)(s"+b")

:ijzsin au.sin b(t-u)du




N % J';{cos ([a-b]u+bt)-cos [a+b]u'bt)}du

-1 [sin {(a-b)u+bt} sin {(a+b)u-bt}]t

2ab| a-b a+b 0
N -1 [sin at sin at sin bt_sin bt

2ab[ a-b a+b a-b a+b

-1 [., sinat sin bt
= 2b. -2a.

2ab|” " a’b’ 2 a’-b’

a.sin bt_b.sin at

a’-b’ a’-b’
1 1 a.sin bt b.sin at
Ans :L R 2.2 2.2
(s"+a”)(s"+b") a“-b a“-b

Q4.b) Compute Spearman’s Rank correlation coefficient for the following data:

[6]
X 85 74 85 50 65 78 74 60 74 90
Y 78 91 78 58 60 72 80 55 68 70
Sol :
0’
X R1 Y R2 D
=(R1-R2)?
85 8.5 78 7.5 1 1
74 5 91 10 -5 25
85 8.5 78 7.5 1 1
50 1 58 2 -1 1
65 3 60 3 0 0
78 7 72 6 1 1
74 5 80 9 -4 16
60 2 55 1 1 1




74 5 68 4 1 1
90 10 70 5 5 25
N=10 5=72
2 17 3 1 3 1.3
6{ZD +E(m1'm1)+ﬁ( 1'm1)+ﬁ(m1'm1)+'"}
Therefore, R=1- 3
N°-N
Here m1=2, m2=2, m3=3,
6{72+-L (2%-2)+ L (2%-2)+ L (3%-3)+..}
_ 12 12 12
R=1- -
10°-10
On solving, R=0.5454
Ans : R=0.5454
Q4.c) Find the inverse Z-transform for the following: [8]

i)ﬁ,|z|<5

ii)m,m >3

Sol :

1 VA 722\ 7" !
:[?+2(§)+3(?) +...+(n+1)(w)l
il n=0
5

n+2’

Coefficient of z" =




Putn=-k;

Coefficient of 2™ = _Sk_%,k <0

Ans:Z'[F(z)] = %k <0

vA
ERORE
Applying Partial Fractions;

.z __ A B
(z-2)(z-3) ~ z-3  z-2

=z = A(z-2) + B(z-3)

Put z=2 Put z=3
=>2=B(-1)=B=-2 =3=A(1)=>A=3
Resubstituting in (i);

.z _3 2
(z-2)(z-3) ~ z-3 z-2

RHS:

z [z) z|" z [z) z|"
S 1+=+| = | +oH[ | |- [1+=+]| =) +.4| =

2 12 2 3 13 3
The coefficientofz' = 2"-3"n >0

Put n=-k;

z¥=2-3%k <0

Ans:Z'[F(z)] =2"-3k<0




Q5.a) Using Laplace Transform evaluate | :’e't(l+3t+t2)H(t-2)dt [6]
Sol : To evaluate [“e"(1+3t+t*)H(t-2)dt
=>f(t)=1+3t+t° ; a=2
>f(t+1) = 1 + 3(t+2) + (t+2)°
=1+3t+6+ (' +4t+4)
=t + 7t + 11
L[f(t+2)] = L[t* + 7t + 11]

20 111 .
——3+7—2+— ----- |
S S S

We know, L[f(t)H(t-a)] = e L[f(t + a)]
Substituting the value of L[f(t+a)] in above equation, we get

L[(1+3t+t2)H(t-2)] = e'25[2—§+71—2!+%
s s

[ee)

J

Putting s=1 in the above equation;

L1
™ (1+3t+t°)H(t-2)dt = e'25[2—3'+71—2'+E
s st s

. | |
I e'(1+3t+t°)H(t-2)dt = e'z[&whﬁ
0

1 1 1

=e?[2+7+11] = @
e

Ans :j‘;"e't(1+3t+t2)H(t-2)dt = 2—(2)
e

2

Q5.b) Prove that f, (x) = 1;f,(x) = %;f,(x) = 3x are orthogonal over (-1,1).
6]
Sol : Conditions for functions to be orthogonal are
i)[°f,(x).f (x)dx=0 ;m # n
i) [°[f,(x)]*dx#0 ;m=n

i) Proving 1% condition is true,




We have, [ f (x).f,(x)dx= " xdx =

¥|1
2]1

521 (1)) =0

_[_11f (X)L (x)dx=

2
- 1
L ax = 2l

-1

(R CEEHEHOROIE
4,004,00dx= [, 3(3x"-1) dx = % [ (3xx) dx

1[31 x_z]gz[(

31| 3 1
2°1 2

42

ii) Proving 2" condition in true;

J1[f, 0] dx= [ 1%ax =[x] 11 (] =2 #0

1 2 1.2 31 1(1 2
JLlECo dx= [ :[X;]_l \ [5(5)] "3 70
=>%,|.,11(9x4_6x2+1)dx=>1 9?)( 2% +x]_11

S22 Loy

[_ 4+2] 249

Hence, the given set is orthogonal on [-1,1]




Q5.c) Solve using Laplace transform

2
d_32’_ dy +2y=2e3x;y=2 and y’=3 at x=0
dx dx

2
Sol : 37};—3%+2y=2e3’(

~(D*-3D + 2)y = 2¢&™
~y -3y + 2y = 2e*
Taking Laplace transform on both sides, we get

Ly = s>y -sy(0)-y'(0)
Lyl =sy -y(0)

Substituting the values in the equation,

sz-y -25-3-3(s.y-2) +2-y :é
' 2 2
:>y(s -35+2)-25+3=§

=>'y (52_35+2) = 2 + (2s5-3)
s-3

2+(2s-3)(s-3)

:ly (sz-3s+2) =
s-3

2s°-9s+11

:>ly (52-35+2) =
s-3

25°-9s+11
sz—3s+2)(s—3)

:>y=(

_ 2s%9s+11
 (s-1)(s-2)(s-3)

Applying partial fractions;

[(x*-3x+3)=(x-1) (x-2)]

2595411 _ A B C
(s-1)(s-2)(s-3) s-1 s-2 s-3
=2s*-9s + 11 = A(s-2)(s-3) + B(s-1)(s-3) + C(s-1)(s- 2)

Put s=1 Put s=2 Put s=3

4 =2A 1=-B 2=2C

8]

Lly]-3Lly] + 2Ly = 2 tLfe] = )




A=2 B=-1 C=1
L 28%9s+11 2 1 1
(s-1)(s-2)(s-3) s-1 s-2 s-3

Taking inverse Laplace on both sides,

wlyl- La'as

2t 3t
y=2e-e +e

Ans:y =2e-e* +¢”

Q6.a) Find the complex form of the Fourier series for f(x) = e’,( - m,m) [6]

Sol: The complex form of the Fourier series for f(x) = e'is given by
f(X) = foo)ocneinx Where Cn = Zij'n f(X)e-inde
T[ -Tt

1 "
=C = —["e'.eMdx
2m

e(l—in]x T

2m|(1-in)

-t

[( (1-in)n (1-in)(-m)
=C, = Lite {&
" 2m||(1-in)) | (1-in)
1 T -inm
>C = ———
n 2n(1-in)[e ¢

*(inm)

- imt]

But e = cos (£nm) + isin( £ nm)

[e".(-1)™-e™(-1)"]
e-ze]

oc =D Gnhn +&°€ sinhiii(x)
" m(1-in) 2

C - -
" 21'[(1 in)

=>C = (-1)"

"~ 1(1-in)




Rationalising the denominator, multiply divide by (1+in);

=>C = L)_nsinhn. 1+_1n
" m(1l-in) 1+in
_ (rax lrl)51 hm= (-1)'(1+ 11rl)smhn
G ~ (1%-(in)?) m(1+n%)

Substituting the value in f(x)

o (-1)°(1+in) inx
f(x) = Z—n(hnz) sinh m.e

Ans:e =YY" (- 1)(1&1 1)n) sinh .e™
m(1+n

Q6.b) If u, v are harmonic conjugate functions, show that uv is a harmonic
function

Sol : Let f(z) = u + iv be the analytic function;
~u, =v,andu, = -v,
And u, v are harmonic therefore ux2 + uy2 =0and VXZ + vy2 =0 ---- (1)
Now,uv_=uv_+ vu_

)’ =uy, + u) +vu + v(u)’

(uv)x2 =2uyv, + u(VX)2 + V(ux)2 ----- (ii)
Similarly, we can prove that,

(uv)y2 = 2uyv, + u(vy)2 + V(uy)2

Butu =v,andu, = -v,
(uv)y2 =-2uyv, + u(vy)2 + v(uy)2 ----- (iii)
Adding (ii) and (iii), we get;

(uv)x2 + (uv)y2 = u(vX2+vy 2) + v(ux2 +u, 9

=0 {from i}

Therefore, uv is harmonic

[6]

Q6.c) Fit a straight line of the form, y = a + bx to the following data and
estimate the value of y for x=3.5

[8]




X 0 1 2 3 4

Y 1 1.8 33 4.5 6.3

Solution:-
X y X’ Xy
0 1.0 0 0.0
1 1.8 1 1.8
2 3.3 4 6.6
3 4.5 9 13.5
4 6.3 16 25.2

>=10 >=16.9 >=30 >=47.1
Here N=5.

Let the equation of the line be y = a + bx

Then the normal equations are :

Yy =Na+ b)x

Yxy = NYx + byx*

Substituting the values in the above equation,
- 16.9=5a+10b

~47.1=10a+30b

Solving the above equations simultaneously,
a=0.72 and b=1.33

y =0.72 + 1.33x

At x=3.5; substituting the value in above equation,
y =0.72 + 1.33(3.5)

y = 5.375




Ans:y=0.72 + 1.33(x)
yatx = 3.5:5.375




