COMPUTER ENGINEERING
APPLIED MATHS -3

(CBCGS DEC 2017)
Q1.a) Find the Laplace transform of %e'tsin t. (5)
Sol: Tofind: L[%e'tsin t
. 1 . . 1
:>L[sm t] = [Since L{sm at} = 5]
s'+1 s'+a
By First Shifting Theorem,
SL[e'sint] = — [Since L{e"f(0)} = ®(s-a)]
(s+1)"+1
:>L[le-tsin t| =" 1 ds [Effect of division by t]
t s (s+1)*+1
sftan” (s+1)]” (-, = Leant %)
S X +a a
:>[tan'1 (00)-tan™ (s+ 1)]
> tan™ (s+1)
2
=cot” (s+1) [ g -tan” x=cot" x|
Ans : L[%e'tsin t| = cot™ (s+1)
Q1.b) Find the inverse Laplace transform of le—l (5)
S+

Sol: Tofind:L'l[ 11]

J2s+

g
2




e’ L[Jig] L {d(s+a)} = e L [d(s)]

L -
= L (L' 11 il]
s'| TIn

Q1.c) Show that the function, f(z) = sinh (z) is analytic and find f (z) in terms

of z

Sol:

(5)

Given : f(z) = sinh (z)

From above equations clearly, we can see that : u = v, & u, =-v,

Thus CR equations are satisfied and thus the function is analytic.

Therefore;  f(z) = u +iv,

Ans : f (z) = coshl(z)




Q1.d) Find the Fourier series for f(x) = x in (0,2m).

Sol: f(x)=x

. . . . o] .
Fourier series is given by : f(x) = a + anl(ancos nmx+b_sin nmx)

Calculating a,

— 1 2m _ _ 21
a, = EIO fx)dx => a, = E{IO xdx
2 21-[ 2
a=ix— dx => aziﬂ-de
° 2m[2] 0 ©  2m| 2
a, =T
Calculating a_,
1 2m
a, = =["xcos(nx)dx
n o
[ xsi - 2m
- a = 1 Xsm(nx)_( cosznx) dx
n n 0
s a = 1 {21‘[ si iff23(2n1'[)+CO iffzJ(ZZnﬂ)}_{O+c0520}]
T n n
=> a = 1 {O+l2}-{0+l2} =>a =0
i n n

Calculating b _,

b = lj'z“xs.in(nx)dx
n 0

n

s b = 1{x(-cos nx)_(-smznx)
n n

|

s b, = 1 {21‘[ (-cos 2n11)+51niff1i(22n1't)]_{0+51n20
T n n n

> b =1 {'2—“+0}-{0+0}] b = 2
(| n n

Substituting in the Fourier Series, we get;

Y sy
x=m+0+ —sin nmx
n

n=1

(5)




Ans:xX = 1'[-22 (M]
n=1 n

. 2
Q2.a) Use Laplace transform to prove : | ooe'tSITntdtz %logs. (6)

0

. 2
o -tSin’t 1

Sol: To prove [ ‘e Tdt: ZlogS

22
o -tSIN't

LHS : [*e">==dt

-2 _ 7oL
=>L[sm t] = L[—z

1.1 2 S 1
=>=L|-- L tf=—-—;L|1|= =
2 [s sz+4] [ {cosa} st+a’ [ ] s]

22
Lsmt

t

=1J‘1_25 ds
2(J s s"+4

= %[log s-%log(sz+4)]

= -%[log(sz+4)-log sz]

. 2
Therefore , _|';°e'5t51f[l t

2
dt= 1log[S 24]
4 S

Putting s =1;




e 2
J‘ Sin tdt— 11 g[l +4]
R 1

* asin’t
J' - —1 o[5]
0

Ans: I Sy 1yoors)
R

4¥ k<0
2.b) I {f(K)} = { *~ ,
Q2.b) If {£(K)} {3ka20

Sol: By definition,

Z{f(K)} = Zf(k) .z

1 o)
Z{£(K)} = Zsk P ng .z
k=-00 k=0

Put k= -n in 1% series,

=7{f(k)} = zm:s Z'+ 23“ 7
S7{(1)} = [[§]+[§)2+(§T+] , [1+E]+E]2+E]3+

find Z{f(k)}.

[ —

The above two series are sum of infinite GP terms whose summation is given by,

S= 11, where a is 1st term and r is the common ratio between the terms

-r

~2(e) = £

SZ{A(R)} = 2 'i] . 'ZZB

S Z{F(K)} = [ ] [23]
z(z-3)+z(5-2)
(5-2)(z-3)
2z
(5-2)(z-3)

=>7Z{f(k)} =

S7{f(K)} =

(6)




Ans : Z{f(K)} = %

Q2.c) Show that the function u = cos xcosh y is a harmonic function . Find its

harmonic conjugate and corresponding analytic function

Sol : Given : u = cos xcoshy
u, =-sinxcoshy ;u, = cosysinhy

ui =-cos xcosh y ;ui = cos xcosh y
From the above equations,

ui + ui =0 Thus the Laplace equation is satisfied.
Therefore, u is harmonic
Letu, =¥ (xy) and u, =¥ (xy)

¥ (z,0) =-sinz and ¥, (z,0)=0

By Milne Thompson method,

f(z) = I‘Pl(z,O)dz- IWZ(Z,O)dz

f(z) = I-sin zdz- J‘Odz

f(z) = cos z+c This is the required analytic function.

Separating real and imaginary parts, putting z=x+iy,

f(z) = cos (x+iy)

f(z) = cos xcos iy-sin xsin iy

f(z) = cos xcos hy-i sin x sinh y [cos(iy)=cosh(y) and sin(iy)=isinh(y)]

Therefore, v = -sin xsinh y

Ans : Required analytic function is f(z) = cos z+c

Harmonic conjugate of u = v = -sin xsinhy

(8)




Q3.3) Find the equation of the line of regression of Y on X for the following

data. (6)
X 5 6 7 8 9 10 11
Y 11 14 14 15 12 17 16
Sol. The Line of regression Y on X is given as y=a + bx.
X X’ y y’ Xy
5 25 11 121 55
6 36 14 196 84
7 49 14 196 98
8 64 15 225 120
9 81 12 144 108
10 100 17 324 170
11 121 16 256 176
X=56 Y =476 295 Y =1427 ¥ =811

Here N=7,

The normal equation are given as follows;

Xy = Na + bXx

IXy = aZx + bIx’

Substituting the values from the above table;
7a + 56b =99

56a + 476b = 811

Solving the above two equations simultaneously, we get; a=8.714 and b=0.6786

Thus, the equation of line of regression is : 8.714 + 0.6786x




Q3.b) Find the bilinear transformation which maps the points 1, -i, 2 on z
plane onto 0, 2, -i respectively of w-plane. (6)

Sol: Let the transformation be w = az+b i
cz+d
Putting the given values, 0 = a+b ;2= ﬂ; -i= Za+b
c+d -ci+d 2c+d

From these equations we get, a+b=0 - ii
(a-2¢)i + (2d-b) =0 - iii
(2c+d)i + (2atb) =0 - iv

From ii we get b = -a.

Putting this value of b in iii and iv, we get

(a-2¢)i + (2d+a)=0 e v

(2c+d)i+ (=0 Vi

Adding v and vi we get

(a+d)i + 2(a+d) = 0 Therefore, (a+d)(i + 2) =0
Thus, d =-a [Since, i # -2]
Putting these values of dand b in 2 = -a.1+b ,weget 2= 22 _ M
-ci+d -ci-a ci+a
Therefore, 2ci + 2a = a + ai =2ci= -a+ai
=2ci = ai’ +ai =2ci = ai(i + 1)
2c=a(l1+1) =c = [%)a

Putting these values o b, ¢, d in (i),

az-a
W=7y —
1+i
— |aZ-a
)




_ 2(z-1)
 (1+0)z-2

2(z-1)

Ans:w = (1+i)z-2

X ,0<x<g
Q3.c) Find half range sine series for f(x) =
T-X , g<x<n

Hence find the sum of Zgn_n%
n

Sol: Half range sine series is given by:

f(x) = ansin nx
= ZJ- f(x)sin nx dx
T 0
[ TVZ 2n

=>z I xsin nx dx+ | (m-x)sin nx dx

T[.O TVZ

e D e S

:>g {n cos:fEZ(mT/Z) sin (IlT[/Z) } {0_0+Ecos (mT/Z] smIZEE](mT/Z)H
2

|2 n n’ n n

T[ 1’1

4 1
E ? b4 = 0
sinx sin 3x sme sin 7x+

12 3¢ gt 7

f()——

By Parseval’s identity;

1 v 1 |
E.ro [f(x)]"dx= E[b12+b22+b33+b42+...+oo] _____ i

11/2 T
1 J‘ dex+J- (m-x)°dx
0 n/2

Tt

12,0 2.3, 2
= - [b, b, +b,+b "+ +oo]

(8)




[j'“/ 2 2dx+j' (Tr -2TIX+X )dx]

1 X’ ;s s’ oo’
== —-0Hm - +— - ——+—
|| 24 3|12 4 24
2
_ I
12
w_ 1161 161 161
12 2 |n*'1* n*'3* n*'5t
oo _[1,1. 1,
96 |1* 3* 5*

Q4.a) Find the inverse Laplace Transform using convolution theorem

1
(s-a)(s+a)2 (6)
Sol: () =~ ,(8) = ——
s-a (s+a)
To,)] = [ ]
S-a

-1 _ 11 1 _ -at
L [q)z(s)] =L +a)2] =e't

L'[¢(s)] = [ie™.e™ " (t-u)du
L _[;eau.e'a(t_u)(t-u)du

_ puatet Zaue,
=e joe (t-u)du

. eZau eZau t
(t- (-1
e [( WS- )]0




-at ezat t 1
e |0+ -+t
43° |2a 4a
1
43’

[e*-2ate™+e™]

4a

Ans:L'll( )2 )2]= 12[eat-2ate'at+e‘at]
s-a)(s+a

Q4.b) Calculate the coefficient of correlation between X and Y from the

following data (6)
X 8 8 7 5 6 2
Y 3 4 10 13 22 8
Sol:
X X’ y y’ Xy
8 64 3 9 24
8 64 4 16 32
7 49 10 100 70
5 25 12 144 65
6 36 22 484 132
2 4 8 64 16
% 36 % 242 % 60 Y. 842 % 339
Here N=6,
36 60

X=—=6and Y =— =10
6 6

Coefficient of correlation,

jzxz_@x)z jyz_(zy)z
n n

Substituing the values , we get :




36x60

339-
T B L, (60)
242-~— |842-——
6 6
r =-0.2647

Ans : Coefficient of correlation, r = -0.2647

Q4.c) Find the inverse Z-transform of :

) —L|z<a

(z-a)

i) 1z > 3

1
(z-3)(z-2)

Sol: ) Hﬂ=ai$Jﬂ<a

= 12[1 + Z(Z)l + 3(Z)2 + 4(Z)3 + o+ [n+1)(z)n]
a a a a a

n+1

n+2 ’

Coefficient of z" =

Putn=-k,z'k=% ; k<O
a

i) Hﬂ=6§%;ﬁJd>3

1 A

— +

B
(z-3)(z-2) S 23 z-2
1=A(z-2) + B(z-3)
Putting z=2; 1=-B =>B=-1

Putting z=3; 1=A =>A=1

(8)




1 1 1

(z-3)(z-2) 23 22

RHS
1 1

z(1-%) - z(1-§)

-1 -1
:1[12] ] 1[1_2]
Z Z Z Z

t 2o (e[

=

Coefficient of z* = 3" - 2" sk21

Z'[F(z)] = 3“"-2"

Q5.a) Using Laplace transform evaluate | :’e't(1+2t-t2+t3)H(t-1)dt (6)
Sol: Toevaluate [7e"(1+2t-t*+t’)H(t-1)dt

=>f(t)=1+2t-t' + 5 ;a=1

Sf(t+ 1) =1+2(t+ 1)-(t+1)* + (t+1)°
=1+2t+2-(C+2t+ 1)+ +3t7+3t+1
=+ 2t + 3t + 3
L[f(t+1)] = L[t’ + 2¢" + 3t + 3]

_3t .20 3 3
7

+25+5+= e i
S s s s

We know, L[f(t)H(t-a)] = e ”L[f(t + a)]

Substituting the value of L[f(t+a)] in above equation, we get

L[(1+2t-t*+t*)H(t-1)] = e'as[3—i+22—§+%+§]
s s’ st s

fee) . ' '
J- e-st(1+2t-t2+t3)H(t-1)dt =e [3_44.22_3_'_%_'_2]
0 S S S S

Putting s=1 in the above equation;




fee)

J

-t 2.3 4|3 .2 3 3
1+2t-t"+t"JH(t-1)dt = 7 | 3 +2 3+ 5+=
€ ( ) (t-1) € [14 1 1]

=e ' [6+4+3+3] = 16
e

Ans :
I e'(1+2t-t°+t°)H(t-1)dt = [%]
0

Q5.b) Show that the set of functions cos x, cos 2x, cos 3, ... is a set of
orthogonal functions over [-T,1t]. Hence construct set of orthonormal functions.

(6)
Sol : We have f (x) = cosnx;n=1,2, 3, ...

Therefore, [" f (x).f, (x)dx = [” cos mx.cos nxdx

1|sin (m+n)x+sin (m-n)x [T
2 m+n m-n T
Now two cases arise:
i. Whenm#n:
_1

2

sin (m+n)1‘r+sin (m-n)m| [-sin (m+n)m sin (m-n)m
m+n m-n m+n m-n

[sin (m+1’1)‘|‘[+ sin (m-n)n}

m+n m-n
=0
ii. When m=n:
j cos’ nxdx = I 1+cos 2x 2Xdx
-T -T 2
1 sin2x| ™
=>=(x+
2 |

:%[n+0-(-n+0)] =>m %0

Therefore the functions are orthogonal in [-Tt,1t]




J' CfEPdx =

dividing the above equation by m;

:% J' :[f(x)]zdx -1

:J‘_n%ﬁf(x)%f(x)dx -1

This is obviously an orthonormal set where ¢(x) = Jiﬁcos nx

. 1 1 1
Thus the required orthonormal set is J_ECOS X,ﬁCOS 2%, \/—ﬁcos 3%, ...

Q5.c) Solve using Laplace transform: (8)
(D*-2D° + 5D)y =0 with y(0) = 0;y (0) = 0; y (0) = 1

Sol: LetL(y) =y
Taking Laplace transform on both sides of the given equation ;
Lly)-2Ly) +5L(y) = 0
=L{y) =s(y )-y(0); L(y) = s’y -sy(0)-y(0); L(y) = 5"y -s"y(0)- sy (0)-y"(0)
From the given conditions;
LUy) =sly)iil) =y 55Ly) ="y -1
Therefore the equation becomes;
; ; .

=s'y-1-2s"y + 55(y)=0

5°-25%+5s

Taking inverse Laplace transform,

: 1
sy = L'|—5—
y [53-252+55]

-1 1 o 1! 1
oyt [s(s2-2s+5)] ! [s[(s-1)2+22]]

We obtain the inverse by convolution theorem,




d,(s) = <|>()‘—

( 1) 22:

i -1 1 ty -1 1 :1 t .
f(t)=L [cl)l(s)]:L (—(5_1)2+22)=>eL (—(s)2+22) 2.e .sin2t

£(t) =L ¢2(s)]:>L'1[%]:>1

=>f (u) = %.eu.sinZu

=L [¢(s)] = %[1322[eu(sin 2u-2cos 2u)] ;

*The above integral is of this format : [_[e sin bx= 1b2(e {sin ax-bcos bx})]
a +

L' [¢(s)] = [ [e(sin 2t-2cos 2t)+2]]
L [d(s)] = [1—10[et(sin 2t-2c0s 2t)+2]]

The solution is :

1—10[et(sin 2t-2cos 2t)+2]]

Q6.3) Find the Complex Form of the Fourier Series for f(x) = 2xin (0,2rt) (6)

Sol : f(x)=2x, range (0, 2m);

=y*C e™ ; where C =ij2"f(x)e'mxdx
n n 21.[ 0
1 2T -inx .
Hence,C = —["2xe "dx - i
2w

= j x.e "™ dx

-inx

1 x2 £

:>E -in (1n)
1

1 [ zne-inm i2nm 1
>—|-— —2-0-—2

m| in n n
RIERPE|IEE S

m| in n° n°] m in




(2)[1) 2i
d b | I Eadun
inJ\i n
For n=0, substitute it in (i);

1 11x

0 2m’o

Therefore, f(x)=2 m + Zf’;éeinx
n

C
inx
e

=f(x) = 2m + ZiZ .

-00

221
C= —J'Z"Zxdx = —(—) = i(41T
ml2)p 2m

{nz0}

2)=21T

Q6.b) If f(z) and f(z) are both analytic, prove that f(z) is constant (6)

Sol: f(z)=u+iv

ftz) =u+i(-v)
For f(z) :

From i and iii;
From ii and iv;
Substituting in i and ii,

Therefore u=k and v=k

v, = -vy::>2vy =0 =V, = 0

v, =-v=>2v =0=v =0

uX=uy=0

[partial derivatives of constant are zero]




Hence u+iv is constant

= f(z) is constant.

Q6.c) Fit a curve of the formy = ab™ to the following data.

(8)

X 1 2 3 4 5
Y 151 100 61 50 20
Sol: y=ab
Taking log on both sides,
logy =loga + x logb
Letlogy =Y, loga=A, x=Xand log b=B
=>Y=A+X(B)
X y X Y X XY
1 151 1 2.1789 1 2.1789
2 100 2 2 4 4
3 61 3 1.7853 9 5.3559
4 50 4 1.6989 16 6.7956
5 20 5 1.3010 25 6.5050
6 8 6 0.9031 36 5.4186
521 >9.8672 Y91 >30.254
Here , N=6
2Y = NA + BXX

IXY = AZX + BZX’

Substituting the values from the above table;
6A + 21B =9.8672
21A+91B =30.254

On solving simultaneously ;




A=2.5 and B=-0.2446

Hence, b= antilog(-0.2446) =>0.5668
a=antilog(2.5) =>316.2278

Therefore , y = (316.2278)(0.5668)"

Ans:y = (316.2278)(0.5668)X

[107°%***® = 0.56676]

[10%° = 0.56676]




