— Paper / Subject Code: 24291 / Mathematics: Topology of Metric Spaces (R 2022)

Duration 2 1Hrs NEW COURSE e ) & Marks: 75

N.B. : (1) All questions are compulsory - W
(2) Figures to the right indicate marks.

1. (a) Attempt any One from the followmgi o %

(i) Define an open ball B(z,r) 1&‘; metrurépace (X,d) and show that-gver

an open set. Also give an ple tpL_show that the conyerse neg et be t

" (ii) Show that for a subset F a metd:c' space (X‘ d), the‘followm g atements are equiv-

alent: {) -~ : _ ‘
(I) Fisclosed  C (‘) lft
(II) F contains all @' limit @lts K AT
(b) Attempt any Two fwﬁ the following: 53 '
(i) State and pro@bi-la.usd i propg{%f in a Igétrlc spe
(i) Prove that (N, d) and*(N, d,) ﬁere d mjhe :
is the discrete metri N, gqeqm
(iii) Let X =IR? and d'be the @chd%m
L 0<m2«$3°1}1so in X.&

. Showrthat A Phe xl,a:z) S R2 0 <

.r'

. G
- o
d .‘-.," X

2. (a) Attempt any Oqe'from tl;ﬁ“fol.lomring‘ - /
(i) If in a metric spa,oe‘ (X, d), ﬁl' @éﬂcreasmg sequence’ {F } Gf‘hon-emp'cy closed
“sets with diam E,; — 0, w F,, is a singleton set then prove tha‘t (X,d) is
Ao complete. § &
(i) Let (X, d) bea metnq\%n Abea sﬁbset of X. Show that pE X\is a limit point
i of A if and: only if é&quence Q‘f dlstlnct pomts in'A convergmg to p.
(b) Att'Empt any Two frqtﬁhng & 4 : («7"'
Wence" ;nﬁ') in (]RE\,B) whem d is Euclldea.n d},sta.nce) converges to a
: _z“lf and only if ( a:n‘ﬂ — P, for 1< z 6 2, in R with respect to

be'a rgetrlc spasé and (zz) be a Cauchy sequence in X. If (z,) has a
nt bsgguence theh prove-that squence (CL‘n)xltSGlf is convergent.

" “whether C‘antor s’%f‘heorenﬁs appl;_@able in Qgt:h of the following examples and
nd neNanm each cabe, Where (F ) is é‘vsequenpe of subsets of R and the distance d

SCNTE gl T
‘u (11) Xwe (0, 1) E’ (0%1] 3 hﬁ,
3 .

: (33 Attem}gt any One from the Following: f
& ) For a nonenipty subéét A of metric spa,/ce (R, d), where d is usual metric, prove that if
e ~ A is closed and bmmded then it satésﬁes Hein-Borel property.

QQ If C is'a non- empty colleétlon of eompact subsets of a metric space (X, d) then prove
~7 that ) K isa compa;cjs subset, @of X. Further, if C is finite then show that U Kisa

eompact subset of X‘

ot “\.
i« Y ey

(12)

(8)
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(b) Attempt any Two from the following: - . W (12)
(i) Prove or disprove: A = {(z,y) e*ﬁ’ |z| +-[y| < 1} is a compact: subset
where d is Euclidean distance. .~ e
(ii) If A, B are compact subsets of R with @pect to uﬁual dlstaInce theg\ hat A+ B
is a compact subset of R wif .ﬂual tric. _;‘ Q
(iii) Prove that the open cover ?-w n of a metric spa,ce O' [a, bL{ ere || fllos =

5)

sup {[f(?)] : t € [a, b]},\\ : subco‘ver (0 being the const /eTo functaon)
(a) Define an open set in Q“metne&ee (X@j Let A *4 t A is open; 1f and only
if A= A° (Interwr Q‘ﬁ f'A). .§:
(b) Let (X,d) be a m‘etnc s . @ any ﬁg_ﬂte non su,bs‘et of X\"Ji;}ﬁen shei_i’w? that
P
(c) Show that th@‘ﬂmctxo.tb\_’f 'R
(d) Prove tha\t ina drtscrete mgﬁ?lc space-every. Cauehy seq]flence is Qventua.lly'-(:onstantt::-r-Hence
deduce ‘that a discrete métrlc space is e, ..° :
K {4 ; € N} U.{p} is aﬁo ibset of f using the deﬁnlt;bn e _”
(f) Show that the set-(—/2, \/§) sx,a closed;-and bounded subset inQ w&th usual metric,

4. Attempt any Three from th&i@l
X\Axsa.nope;xset -::)' & @ £
—$ T — w}g (z— bf-l—:r: tak% the va,}ue
&b for sorfie e value sﬁ'“x €eR. @:ﬂm edn R b - usual) A
(e) Let- TX d) be a meth ‘space. ah ¢ X su@ﬁ that (mn) — p in X.- Show that
but n@ﬁ compant A, PAD

X
o




